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Abstract
We study the module of universal norms associated with a de Rham
p-adic Galois representation in a perfectoid field extension. In particular,
we compute precisely this module when the Hodge-Tate weights of a rep-
resentation are greater than or equal to 0. This generalises a result by
Coates and Greenberg for Abelian varieties, and partially answers a ques-
tion of theirs. Our method relies on the classification of vector bundles
over the Fargues-Fontaine curve.
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Introduction
Let p be a prime number. In the present article, we are interested in local
Iwasawa theory of p-adic Galois representations in perfectoid field extensions.
Let K be a finite extension of the field Qp of p-adic numbers, contained in
some algebraic closure Q¯p of Qp, and let GK = Gal(Q¯p/K) be the absolute
Galois group of K. Let V be a p-adic representation of GK , i.e. V is a finite
dimensional Qp-vector space endowed with a continuous and linear action of
GK , and let T be a Zp-lattice in V stable under the action of GK . Let L
be an algebraic extension of K contained in Q¯p. We consider the first Galois
cohomology group
H1(L, V/T ) = H1(Gal(Q¯p/L), V/T ).
Bloch and Kato [3] have defined arithmetically significant subgroups
H1e(L, V/T ) ⊂ H
1
f (L, V/T ) ⊂ H
1
g(L, V/T ) ⊂ H
1(L, V/T ),
which are involved in their conjecture on special values of L-functions of motifs.
For instance, if T = Tp(A) is the p-adic Tate module of an Abelian variety A
defined over K, so that V/T is the subgroup A[p∞] of p-power torsion points
of A(Q¯p), then the Bloch-Kato subgroups of H
1(L,A[p∞]) are all equal and
coincide with the image of the Kummer map
κL : A(L)⊗Z Qp/Zp → H
1(L,A[p∞]).
A precise description of the Bloch-Kato subgroups when L is an infinite ex-
tension of K is essential to Iwasawa theory. Indeed, such a description makes
for example possible the study of Selmer groups of motifs over infinite exten-
sions [31, 20, 12] and the construction of p-adic height pairings [37, 33, 32].
Perfectoid fields, a class of complete non-Archimedean fields introduced by
Scholze [40], are of particular interest for Iwasawa theory and its non-commutative
generalisation [10]. Let Lˆ be the completion of L for the p-adic valuation topo-
logy. First, we recall that if Lˆ is perfectoid then the extension L/K is infinite
and infinitely wildly ramified. Furthermore, by a theorem of Sen [41], if L is an
infinite Galois extension of K with finite residue field and whose Galois group
is a p-adic Lie group, then Lˆ is perfectoid. Such extensions are ubiquitous in
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Iwasawa theory. In particular, the completion of the cyclotomic extension of K
generated by all the p-power roots of unity is a perfectoid field.
Coates and Greenberg [11] gave the following simple cohomological descrip-
tion of the image of the Kummer map κL associated with an Abelian variety
when Lˆ is a perfectoid field. If the representation V is de Rham, a class of p-adic
representations defined by Fontaine [17], we set V0 the minimal sub-GK-repres-
entation of V such that the Hodge-Tate weights of V/V0 are all less than or
equal to 0, and T0 = T ∩ V0. The inclusion V0/T0 ⊂ V/T induces a map
λL : H
1(L, V0/T0)→ H
1(L, V/T ).
If A is an Abelian variety defined overK and T = Tp(A), then the representation
V = Qp ⊗Zp Tp(A) is de Rham with Hodge-Tate weights 0 and 1, and Coates
and Greenberg proved1 that if Lˆ is a perfectoid field, then
Im(κL) = Im(λL). (1)
The purpose of the present article is to study the following question asked
by Coates and Greenberg [11, p. 131].
Question (Coates & Greenberg). Does a description of the Bloch-Kato sub-
groups analogous to (1) exist when V is a general p-adic representation?
Berger [1], generalising works of Perrin-Riou [33,34,35], answered this ques-
tion positively when L is the cyclotomic extension of K and V is de Rham.
However, both Berger and Perrin-Riou’s approaches use tools specific to the
cyclotomic extension, and therefore seem difficult to extend to other extensions.
The first and most precise result of the present article regarding Coates and
Greenberg’s question is the following generalisation of (1).
Theorem 1. Assume V is de Rham with Hodge-Tate weights less than or equal
to 1. If Lˆ is a perfectoid field, then
H1e(L, V/T ) = Im(λL).
The study of the Bloch-Kato subgroups over infinite extensions, motivated by
Iwasawa theory, has a long history. For Abelian varieties and p-divisible groups
when L/K is a ramified Zp-extension, it has been initiated by Mazur [31] and
further developed in an important literature [30, 47, 26, 21, 22, 23, 24, 28, 36, 38].
Coates and Greenberg’s theorem (1) (and therefore, Theorem 1) generalises all
these results.
We recall that, for an Abelian variety A defined over K, to compute the
image of the Kummer map κL is equivalent, by Tate local duality, to compute
the module of universal norms associated with the dual Abelian variety
lim
←−
norm
A∨(K ′) (2)
where K ′ runs through the finite extensions of K contained in L. Prior to the
work of Coates and Greenberg (whose approach we shall recall briefly below),
this is this last module (2) of universal norms that was computed directly. We
1We have slightly rephrased their result here, see Remark 3.5.5.
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shall deduce from Theorem 1 a description of the module of universal norms of
Bloch-Kato subgroups (see Theorems 3.5.11, 3.5.13 and 3.5.15).
We now explain our proof of Theorem 1. Fontaine [18] has defined a discrete
GK-module Edisc(V/T ) containing V/T as torsion subgroup, and whose first
Galois cohomology group fits into a short exact sequence
0→ H1e(L, V/T )→ H
1(L, V/T )→ H1(L,Edisc(V/T ))→ 0. (3)
Precisely, Edisc(V/T ) is the maximal subgroup stable under the action of GK of
(Be⊗Qp V )/T on which the action of GK is discrete, endowed with the discrete
topology, where Be = B
ϕ=1
cris and Bcris is Fontaine’s ring of crystalline p-adic
periods.
If A is an Abelian variety defined over K, then Edisc(A[p
∞]) is canonically
isomorphic to A(Q¯p) up to prime-to-p torsion, and the short exact sequence (3)
is isomorphic to the Kummer short exact sequence
0→ A(L)⊗Z Qp/Zp
κL−−→ H1(L,A[p∞])→ H1(L,A)[p∞]→ 0.
Coates and Greenberg use explicit methods to compute H1(L,A)[p∞] when Lˆ is
perfectoid, and deduce their result (1). However, this explicit approach seems
difficult to generalise to H1(L,Edisc(V/T )).
Instead, the subspace topology from (Be ⊗Qp V )/T endows the module
Edisc(V/T ) with a linear and separated topology, and we consider its Haus-
dorff completion E+(V/T ) also introduced by Fontaine [18]. For instance, if A
is an Abelian variety defined over K, this topology on Edisc(A[p
∞]) coincides
with the natural topology of A(Q¯p) via the aforementioned canonical isomorph-
ism, and the completion E+(A[p
∞]) is isomorphic to A(Cp) up to prime-to-p
torsion, where Cp is the completion of Q¯p for the p-adic valuation topology.
The completion map Edisc(V/T )→ E+(V/T ) induces an application
ξL : H
1(L,Edisc(V/T ))→ H
1(L,E+(V/T )). (4)
The most general result of the present article regarding Coates and Greenberg’s
question is then the following.
Theorem 2. Assume V is de Rham. If Lˆ is a perfectoid field, then there is an
isomorphism
Im(λL)
H1e(L, V/T )
≃ Ker
(
H1(L,Edisc(V/T ))
ξL
−→ H1(L,E+(V/T ))
)
.
Under the additional assumption of Theorem 1, we shall prove that the
map (4) is an isomorphism, and then Theorem 2 implies Theorem 1.
To prove Theorem 2, we shall demonstrate that if Lˆ is perfectoid, then there
is a natural isomorphism
H1(L,E+(V/T )) ≃ H
1(L, (V/V0)/(T/T0)),
which generalise results of Coates and Greenberg for Abelian varieties and p-di-
visible groups (see Corollary 3.4.5 and Remark 3.5.8). To do so, we use the
classification of vector bundles over the Fargues-Fontaine curve [15]. We recall
that the Fargues-Fontaine curve, which we denote byXFF, is a projective scheme
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build out of Fontaine’s rings of p-adic periods, and whose geometry is closely
related to p-adic Hodge theory. Let E+(V ) = lim←−p×
E+(V/T ). Then E+(V )
is an almost Cp-representation of GK , a category introduced by Fontaine [18],
and there exists a GK-equivariant vector bundle E+(V ) over X
FF such that
E+(V ) ≃ Γ(X
FF,E+(V )).
Fargues and Fontaine’s classification of vector bundles over XFF combined
with a study of the vector bundle E+(V ) enable the computation of the group
H1(L,E+(V )) when Lˆ is a perfectoid field, and consequently, the computation
of H1(L,E+(V/T )).
Organisation of the article. In the first section, we review the necessary material
on coherent sheaves over the Fargues-Fontaine curve from [15]. We also include a
reminder on Fontaine’s rings of p-adic periods. This first section, which contains
no new results, is also used to fix notations for the rest of the article. In
the second section, we study the vector bundle E+(V ). Instead of a direct
examination of E+(V ), we define and study a modification of de Rham vector
bundles over the curve XFF, of which the vector bundle E+(V ) is a particular
case. In the third and final section, we first recall the definition of the groups
Edisc(V/T ) and E+(V/T ). Then we relate these groups to the Bloch-Kato
subgroups and the vector bundle E+(V ) respectively. Finally, we deduce from
these relations the main results of the article: Theorems 1 and 2, as well as
various corollaries. To prove that the map (4) is an isomorphism under the
assumption of Theorem 1, we shall use the fact that Galois cohomology groups
can be equipped with a well-behaved structure of topological group, this is
reviewed in the appendix.
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helpful discussions. I also thank Antonio Lei for his comments on a preliminary
version of this text. Part of this work was done while visiting the Korean
Institute for Advanced Study. I thank the KIAS and Chan-Ho Kim for this
opportunity and their hospitality. I am grateful to the Max Planck Institute for
Mathematics, for hospitality, support, and excellent working conditions. As it
will be clear to the reader, the article of Coates and Greenberg [11] as well as
Fontaine’s works [18, 19] and [15] with Fargues have been major influences to
this work and constant sources of inspiration.
Conventions & notations. We adopt the convention that the set of natural num-
bers N contains 0.
We fix once and for all a prime number p, an algebraic closure Q¯p of the
field Qp of p-adic numbers, and a finite extension K of Qp contained in Q¯p. We
denote by GK = Gal(Q¯p/K) the absolute Galois group of K, and by K0 the
maximal unramified extension of Qp contained in K. The completion of Q¯p
for the p-adic valuation topology is denoted by Cp. The action of GK on Q¯p
extends by continuity to Cp.
Every algebraic extension of K considered throughout the article will be
contained in Q¯p. If L is such an extension, then we denote by GL = Gal(Q¯p/L)
the absolute Galois group of L, by L0 the maximal unramified extension of Qp
contained in L, and by Lˆ the completion of L for the p-adic valuation topology.
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If F is a valued field, we denote by OF its valuation ring, by mF the maximal
ideal of OF , and by kF = OF /mF the residue field of F .
If G is a topological group and M is a topological G-module, then, for all
n ∈ N, we denote by Hn(G,M) the n-th group of continuous group cohomology
of G with coefficients in M (see Appendix A). If G = Gk is the absolute Galois
group of some field k, then we shall write Hn(k,M) instead of Hn(Gk,M), and
Hn(k,M) is the n-th group of Galois cohomology of Gk with coefficients in M .
We denote by Zp(1) the free Zp-module of rank 1 whose elements are se-
quences (ζpn)n∈N of p-power roots of unity in Q¯p such that ζ1 = 1 and ζ
p
pn+1 =
ζpn for each n ∈ N, endowed with the natural action of GK . We fix a generator
t of Zp(1) with group law written additively. For all n ∈ N, we set
Zp(n) = Sym
n
Zp
(Zp(1)),
Zp(−n) = HomZp(Zp(n),Zp).
If N is a Zp-module equipped with a linear action of GK , then, for all n ∈ Z,
we set
N(n) = N ⊗Zp Zp(n).
1 Coherent sheaves over the Fargues-Fontaine
curve
In this section, we recall the results on coherent sheaves over the Fargues-
Fontaine curve [15] which shall be needed. We first give a brief overview of
the p-adic periods rings introduced by Fontaine [16].
1.1 p-adic periods rings
The ring B+dR is a complete discrete valuation ring endowed with an action of
GK , containing Zp(1) as sub-GK-modules, whose residue field is Cp, and of
which t is a uniformiser. Moreover, B+dR has a structure of K-algebra, and
there exists an isomorphism between the separable closure of K in B+dR and Q¯p
compatible with the action GK which we use to identify these two fields. The
field of p-adic periods BdR is the field of fractions of B
+
dR. There is a natural
filtration on BdR by the fractional ideals
FilnBdR = B
+
dR · t
n, n ∈ Z,
which is stable under the action of GK . For each n ∈ N, we set Bn =
B+dR/Fil
nBdR. In particular, we have B0 = 0 and B1 = Cp.
The field BdR is equipped with a topology, the canonical topology, which
is coarser than the valuation topology from B+dR. The action of GK on BdR
endowed with the canonical topology is continuous, and we have
BGKdR = (Fil
nBdR)
GK = K if n 6 0,
(FilnBdR)
GK = 0 if n > 0.
(1.1.1)
Moreover, the ring B+dR is the topological closure of Q¯p in BdR relatively to
the canonical topology [14]. Unless otherwise stated, we will consider BdR and
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its subrings and subquotient rings endowed with the canonical topology. In
particular, the topology on Cp = B1 coincides with the usual p-adic valuation
topology.
The ring B+dR contains a sub-K0-algebra B
+
cris, stable under the action of
GK , containing Zp(1), and equipped with a continuous and semi-linear (with
respect to the absolute Frobenius acting on K0) endomorphism ϕ commuting
with the action of GK . The ring of crystalline periods is Bcris = B+cris[1/t].
We have BGKcris = K0. Moreover, we have ϕ(t) = pt, and the endomorphism ϕ
extends uniquely to Bcris.
Let
Be = B
ϕ=1
cris = {b ∈ Bcris, ϕ(b) = b},
and, for each n ∈ N, let
(B+cris)
ϕ=pn = {b ∈ B+cris, ϕ(b) = p
nb}.
The ring Be is a principal ideal domain [15, Théorème 6.5.2]. It inherits a
filtration from BdR, and we have
FilnBe = Fil
nBdR ∩Be =
{
(B+cris)
ϕ=pn · t−n if n 6 0,
0 if n > 0.
Furthermore, we have Fil0Be = (B
+
cris)
ϕ=1 = Qp, and there exists a GK-equivari-
ant short exact sequence of topological Qp-algebras, the so-called fundamental
exact sequence,
0→ Qp → Be → BdR/B
+
dR → 0, (1.1.2)
where the map Be → BdR/B
+
dR is the composition of the projection of BdR on
BdR/B
+
dR with the inclusion of Be in BdR.
For Z ∈ {Qp,Be,B
+
dR,BdR}, we denote by ModZ the category of finitely
generated Z-modules. The topology of Z induces a natural topology on each
finitely generated Z-module. If L is an algebraic extension of K (possibly L =
K), then we denote by RepZ(GL) the subcategory of ModZ of finitely generated
Z-modules equipped with a continuous and semi-linear action of GL, and whose
morphisms are GL-equivariant Z-linear applications. An object of RepZ(GL)
is a Z-representation of GL, and a Qp-representation of GL is simply called
a p-adic representation of GL.
1.2 The Fargues-Fontaine curve
The Fargues-Fontaine curve is the scheme
XFF = Proj
(⊕
n∈N
(B+cris)
ϕ=pn
)
.
It is a regular, Noetherian, separated and connected 1-dimensional scheme
defined over Qp with global sections Γ(X
FF,OXFF) = Qp. Moreover, the curve
XFF is complete, i.e. the divisor of a non-zero rational function on XFF has
degree zero.
The Galois group GK naturally acts continuously on X
FF and there exists
a unique closed point of XFF, denoted by ∞, fixed under this action. The
completion of the fibre OXFF,∞ is canonically isomorphic to B
+
dR, and we have
XFF \ {∞} = Spec(Be). The glueing of X
FF \ {∞} and {∞} defining XFF is
done via the natural inclusion Be ⊂ BdR.
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1.3 Coherent sheaves
We recall the description à la Beauville-Laszlo of coherent sheaves over XFF.
LetM be the fibre product of the categories
ModB+
dR
ModBe ModBdR ,
where the arrows are the functors of extension of scalars. An object ofM is a
triple (Fe,F
+
dR, ιF ) with
• Fe a finitely generated Be-module,
• F
+
dR a finitely generated B
+
dR-module,
• and
ιF : BdR ⊗Be Fe → BdR ⊗B+
dR
F
+
dR
an isomorphism of BdR-vector spaces.
A morphism between objects ofM
(Fe,F
+
dR, ιF )→ (He,H
+
dR, ιH )
is a pair (fe, f
+
dR) with
• fe : Fe →He a morphism of Be-modules,
• f+dR : F
+
dR →H
+
dR a morphism of B
+
dR-modules,
such that the diagram
BdR ⊗Be Fe BdR ⊗B+
dR
F
+
dR
BdR ⊗Be He BdR ⊗B+
dR
H
+
dR
ιF
1⊗fe 1⊗f+
dR
ιH
commutes.
Let CohFF be the category of coherent sheaves over X
FF. There is a functor
from CohFF toM which associates with a coherent sheaf F the object ofM
defined by
• Fe = Γ(X
FF \ {∞},F ),
• F
+
dR = B
+
dR ⊗OXFF,∞ F∞,
• and ιF the natural glueing data map.
Example 1.3.1. With the structure sheaf OXFF is associated the triple
(Be,B
+
dR, ιOXFF )
where the map ιO
XFF
is induced by the natural inclusion Be ⊂ BdR.
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Theorem 1.3.2. The functor
CohFF →M
F 7→ (Fe,F
+
dR, ιF )
is an equivalence of categories.
Under the equivalence of Theorem 1.3.2, the full subcategory BunFF of
CohFF of vector bundle over XFF, i.e. of torsion free coherent OXFF -mod-
ules, is equivalent to the full subcategoryM free ofM whose objects are triple
(Fe,F
+
dR, ιF ) such that both the Be-module Fe and the B
+
dR-module F
+
dR are
free.
The Galois group GK acts continuously on X
FF, so there are Galois equivari-
ant coherent sheaves over XFF. Since the closed point ∞ and its complement
XFF \ {∞} are stable under the action of GK , Theorem 1.3.2 yields a descrip-
tion of Galois-equivariant coherent sheaves over XFF. Precisely, let L be an
algebraic extension of K, and letM (GL) be the fibre product of the categories
RepB+
dR
(GL)
RepBe(GL) RepBdR(GL),
where the arrows are the functors of extension of scalars. Then M (GL) is a
subcategory ofM whose objects are triple (Fe,F
+
dR, ιF ) with
• Fe a Be-representation of GL,
• F
+
dR a B
+
dR-representation of GL,
• the isomorphism ιF is GL-equivariant,
and whose morphisms are maps (fe, f
+
dR) such that both fe and f
+
dR areGL-equivari-
ant. Let CohFF(GL) be the subcategory of CohFF of GL-equivariant coher-
ent sheaves over XFF. Then, the equivalence between CohFF and M of The-
orem 1.3.2 induces an equivalence between the categories CohFF(GL) andM (GL).
We denote by BunFF(GK) the full subcategory of CohFF(GK) of GK-equivari-
ant vector bundles over XFF whose objects are GK-equivariant coherent sheaves
overXFF with underlying torsion free coherent OXFF-modules. Fontaine proved [19,
Proposition 3.1] that the Be-module underlying any Be-representation of GK
is free. Therefore, a GK-equivariant coherent sheaf F is a vector bundle if and
only if the B+dR-module F
+
dR is free. Let Rep
free
B
+
dR
(GK) be the full subcategory
of RepB+
dR
(GK) of B
+
dR-representations of GK whose underlying B
+
dR-module is
free. LetM free(GK) be fibre product of the categories
Repfree
B
+
dR
(GK)
RepBe(GK) RepBdR(GK).
Then, under the equivalence of Theorem 1.3.2, the category BunFF(GK) is equi-
valent toM free(GK).
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Remark 1.3.3. The categoryM free(GK) is the category of B-pairs introduced
by Berger [2].
From now on, we identify the categories CohFF and M . We shall write
F = (Fe,F
+
dR, ιF ) a coherent sheaf over X
FF. We will omit the map ιF when
there is no ambiguity. If F+dR is a B
+
dR-module, then we set
FdR = BdR ⊗B+
dR
F
+
dR.
1.4 The Harder-Narasimhan filtration
We recall the theory of Harder-Narasimhan slope filtration for coherent sheaves
over XFF. The Abelian category CohFF is endowed with two additive functions
degree and rank
deg : CohFF → Z,
rk : CohFF → N.
The rank of a coherent sheaf F = (Fe,F
+
dR, ιF ) is its rank as an OXFF -mod-
ule, equivalently, it is the rank of the Be-module Fe, or also, the rank of the
B+dR-module F
+
dR. The additive function degree is characterized by the follow-
ing.
• The degree of an invertible sheaf L is the degree of the divisor associated
with any non-zero section of L . The degree of L is then well-defined
since XFF is complete.
• If E is a vector bundle of rank r, then the degree of E is the degree of the
determinant line bundle
∧r
E of E .
• If F is a torsion coherent sheaf, then
deg(F ) =
∑
closed point x∈XFF
lengthO
XFF,x
(Fx).
The slope of a coherent sheaf F is
µ(F ) =
{
deg(F )
rk(F ) if F is non-torsion,
+∞ if F is torsion.
A coherent sheaf F over XFF is semi-stable if it is non-trivial, and
µ(F ′) 6 µ(F )
for every non-trivial coherent subsheaf F ′ ⊂ F .
Theorem 1.4.1. Let F be a coherent sheaf over XFF. There exists a unique
increasing filtration of F by coherent subsheaves
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = F
such that Fi/Fi−1 is semi-stable for each i ∈ {1, . . . , n}, and
µ(F1/F0) > µ(F2/F1) > · · · > µ(Fn−1/Fn−2) > µ(Fn/Fn−1).
If F is a coherent sheaf over XFF, then the filtration (Fi)06i6n of F
from Theorem 1.4.1 is the Harder-Narasimhan filtration of F , and the slopes
(µ(Fi/Fi−1))16i6n are the Harder-Narasimhan slopes of F .
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1.5 Cohomology of coherent sheaves
Let F = (Fe,F
+
dR, ιF ) be a coherent sheaf over X
FF. The description à la
Beauville-Laszlo of F yields the following description of its cohomology [15,
Proposition 5.3.3].
Theorem 1.5.1. The complex RΓ(XFF,F ) is canonically and functorially iso-
morphic to the complex in degree 0 and 1[
Fe ⊕F
+
dR → FdR
(x, y) 7→ ιF (x) − y
]
.
Remark 1.5.2. The Qp-vector space of global sections Γ(XFF,F ) is naturally
equipped with the subspace topology fromFe⊕F
+
dR by Theorem 1.5.1 (making
Γ(XFF,F ) into a p-adic Banach space). In particular, if L is an algebraic exten-
sion of K andF is GL-equivariant, then Γ(X
FF,F ) is a topological GL-module.
Moreover, we have the following relation between the cohomology of F and
its Harder-Narasimhan filtration [15, Proposition 8.2.3].
Theorem 1.5.3 (Fargues & Fontaine).
i) The group H0(XFF,F ) vanishes if and only if the Harder-Narasimhan
slopes of F are strictly less than 0.
ii) The group H1(XFF,F ) vanishes if and only if the Harder-Narasimhan
slopes of F are greater than or equal to 0.
Remark 1.5.4. The exact sequence induced by Theorem 1.5.1 for the structure
sheaf OXFF is none other than the fundamental exact sequence (1.1.2)
0 H0(XFF,OXFF) (OXFF)e
(OXFF )dR
(OXFF )
+
dR
H1(XFF,OXFF)
0 Qp Be BdR/B
+
dR 0.
The vanishing of H1(XFF,OXFF) is consistent with Theorem 1.5.3 since the
structure sheaf OXFF = (Be,B
+
dR) is semi-stable of slope 0.
1.6 Classification of vector bundles
Fargues and Fontaine have classified vector bundles overXFF [15, Théorème 8.2.10].
In particular, they proved that the Harder-Narasimhan filtration of a coherent
sheaf is split (non-canonically).
Let L be an algebraic extension of K. Let F be a GL-equivariant coherent
sheaf over XFF. The unicity of the Harder-Narasimhan filtration of F im-
plies that it is preserved under the action of GL, i.e. each piece of the Harder-
Narasimhan filtration of F is a GL-equivariant coherent subsheaf of F . How-
ever, there is in general no GL-equivariant splitting of the Harder-Narasimhan
filtration.
We recall [40] that a complete non-Archimedean field F of residue charac-
teristic p is a perfectoid field if its valuation group is non-discrete and the p-th
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power Frobenius map on OF /(p) is surjective. If Lˆ is a perfectoid field, Far-
gues and Fontaine proved that the Harder-Narasimhan filtration of F is split
GL-equivariant [15, Théorème 9.4.1].
As a by-product of this result, they obtained the following [15, Remarque 9.4.2]
which will be crucial for us.
Proposition 1.6.1 (Fargues & Fontaine). If Lˆ is a perfectoid field and the
Harder-Narasimhan slopes of F are strictly greater than 0, then
H1(L,Γ(XFF,F )) = 0.
Remark 1.6.2. The case of a torsion coherent sheaf in Proposition 1.6.1 is equival-
ent to the following result from Fontaine-Sen-Tate theory [15, Proposition 7.1.1].
LetH +dR be B
+
dR-representation of GL whose underlying B
+
dR-module is of finite
length. If Lˆ is perfectoid, then H1(L,H +dR) is trivial.
Another consequence [15, Théorème 10.1.7] of the classification of vector
bundles over the Fargues-Fontaine curve concerns p-adic representations. Let
Bun0FF(GK) be the full subcategory of BunFF(GK) of GK-equivariant vector
bundles semi-stable of slope 0. There is a functor from RepQp(GK) to Bun
0
FF(GK)
which associates with a p-adic representation V of GK the vector bundle
E (V ) = OXFF ⊗Qp V = (Be ⊗Qp V,B
+
dR ⊗Qp V ).
Theorem 1.6.3 (Fargues & Fontaine). The functor
RepQp(GK)→ Bun
0
FF(GK)
V 7→ E (V )
is an equivalence of categories, of which the functor
Bun0FF(GK)→ RepQp(GK)
E 7→ Γ(XFF,E )
is a quasi-inverse.
1.7 De Rham vector bundles
We recall the definition of the functor DdR from the category of GK-equivariant
vector bundles to the category of filtered K-vector spaces. We first review the
definition of a filtered K-vector space.
A filtered K-vector space is a finite dimensional K-vector space D endowed
with a filtration FilD = {FilnD}n∈Z by sub-K-vector spaces which is
• decreasing, i.e. Filn+1D ⊂ FilnD, for all n ∈ Z,
• exhaustive, i.e.
⋃
n∈Z Fil
nD = D,
• and separated, i.e.
⋂
n∈Z Fil
nD = {0}.
The weights of a filtered K-vector space (D,FilD) are the integers n such
that Fil−nD/Fil−n+1D 6= 0. The multiplicity of an integer n as a weight
of (D,FilD) is the dimension dimK(Fil
−nD/Fil−n+1D).
12
A morphism of filtered K-vector spaces
(D,FilD)→ (C,FilC)
is a K-linear application f : D → C compatible with the filtrations, i.e.
f(FilnD) ⊂ Filn C, for all n ∈ Z. Let FilK be the category of filtered K-vector
spaces. The category FilK is not Abelian, nonetheless a sequence
0→ (D′,FilD′)→ (D,FilD)→ (D′′,FilD′′)→ 0
is said to be exact if for all n ∈ Z it induces a short exact sequence of K-vector
spaces
0→ FilnD′ → FilnD → FilnD′′ → 0.
Remark 1.7.1. If
0→ (D′,FilD′)→ (D,FilD)→ (D′′,FilD′′)→ 0
is a short exact sequence, then the union of the sets of weights of (D′,FilD′)
and (D′′,FilD′′) (counted with multiplicity) is the set of weights of (D,FilD).
In particular, we have the following criterion which we shall use repeatedly later
on: the weights of (D,FilD) are less than or equal to 0 if and only if the weights
of both (D′,FilD′) and (D′′,FilD′′) are less than or equal to 0.
We proceed to the construction of the functor DdR. First, a K-vector space
is associated with a BdR-representation of GK . Let VecK be the category of
finite dimensionalK-vector spaces. We recall that BGKdR = K. Thus, there exists
a functor
RepBdR(GK)→ VecK
EdR 7→ E
GK
dR ,
(1.7.1)
which is left adjoint to the functor
VecK → RepBdR(GK)
D 7→ BdR ⊗K D.
(1.7.2)
A BdR-representation EdR of GK is flat if the injection
BdR ⊗K E
GK
dR → EdR
is an isomorphism, equivalently, we have dimK E
GK
dR 6 dimBdR EdR and EdR
is flat if dimK E
GK
dR = dimBdR EdR. We denote by Rep
flat
BdR
(GK) the full sub-
category of RepBdR(GK) of flat BdR-representations of GK . Then, the func-
tor (1.7.1) induces an equivalence of categories
RepflatBdR(GK)
∼−→ VecK , (1.7.3)
of which the functor (1.7.2) is a quasi-inverse.
If E+dR is a free B
+
dR-representation of GK , then E
+
dR is a B
+
dR-lattice in EdR
stable under the action of GK . Since the filtration {Fil
nBdR = B
+
dRt
n}n∈Z
on BdR is exhaustive, separated, GK-stable and satisfies (1.1.1), the K-vector
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space EGKdR equipped with the induced filtration {(t
nE
+
dR)
GK}n∈Z is a filtered
K-vector space. Thus, there is a functor
Repfree
B
+
dR
(GK)→ FilK
E
+
dR 7→
(
E
GK
dR , {(t
n
E
+
dR)
GK}n∈Z
)
.
(1.7.4)
Reciprocally, if (D,FilD) is a filtered K-vector space, then(∑
n∈Z
FilnBdR ⊗K Fil
−nD
)
⊂ BdR ⊗K D
is a B+dR-lattice in BdR ⊗K D stable under the action of GK , and there is a
functor
FilK → Rep
free
B
+
dR
(GK)
(D,FilD) 7→
∑
n∈Z
FilnBdR ⊗K Fil
−nD,
(1.7.5)
which is right adjoint to the functor (1.7.4).
A free B+dR-representation E
+
dR of GK is generically flat if the BdR-repres-
entation EdR is flat. Let Rep
flat
B
+
dR
(GK) be the full subcategory of Rep
free
B
+
dR
(GK) of
generically flat B+dR-representation of GK . Fargues and Fontaine have classified
the generically flat B+dR-representations of GK [15, Théorème 10.4.4].
Theorem 1.7.2 (Fargues & Fontaine). The functor (1.7.4) induces an equival-
ence of categories
Repflat
B
+
dR
(GK)
∼−→ FilK ,
of which the functor (1.7.5) is a quasi-inverse.
Remark 1.7.3. There is a commutative diagram
Repflat
B
+
dR
(GK) Rep
flat
BdR
(GK)
FilK VecK ,
∼ ∼
where the vertical equivalences are respectively (1.7.3) and Theorem 1.7.2, the
top functor is the functor of extension of scalars
Repflat
B
+
dR
(GK)→ Rep
flat
BdR
(GK)
E
+
dR 7→ EdR,
and the bottom functor is the forgetful functor
FilK → VecK
(D,FilD) 7→ D.
The aforementioned functor DdR is defined as the composition of functors
DdR : BunFF(GK) → Rep
free
B
+
dR
(GK) → FilK
E 7→ E+dR 7→ (DdR(E ),FilDdR(E )),
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where we set
(DdR(E ),FilDdR(E )) =
(
E
GK
dR , {(t
n
E
+
dR)
GK}n∈Z
)
.
The filtration FilDdR(E ) of DdR(E ) is called its Hodge-Tate filtration. We will
omit it and simply denote (DdR(E ),FilDdR(E )) by DdR(E ).
A GK-equivariant vector bundle E = (Ee,E
+
dR, ιE ) over X
FF is de Rham
if E+dR is generically flat, equivalently, we have dimK DdR(E ) 6 rkE and E
is de Rham if dimKDdR(E ) = rkE . The Hodge-Tate weights of a de Rham
vector bundle E are the weights of DdR(E ). We denote by BunFF(GK)dR the
full subcategory of BunFF(GK) of GK-equivariant de Rham vector bundles over
XFF. Under the equivalence of Theorem 1.3.2, the category BunFF(GK)dR is
equivalent to the fibre product of
Repflat
B
+
dR
(GK)
RepBe(GK) RepBdR(GK).
Remark 1.7.4. The composition of functors
RepQp(GK) → BunFF(GK) → FilK
V 7→ E (V ) 7→ DdR(E (V ))
is the usual DdR functor [17]. In particular, a p-adic representation V is de
Rham if and only if the vector bundle E (V ) is de Rham. We shall write DdR(V )
instead of DdR(E (V )).
The following Proposition, which is essentially contained in [15], is a gen-
eralisation of the analogous result for p-adic representations [17, §1.5], and is
proved similarly.
Proposition 1.7.5. Let
0→ E ′ → E → E ′′ → 0
be a short exact sequence in BunFF(GK). If E is de Rham, then E ′ and E ′′ are
de Rham, and the associated sequence in FilK
0→ DdR(E
′)→ DdR(E )→ DdR(E
′′)→ 0
is exact.
Proof. The short exact sequence
0→ E ′ → E → E ′′ → 0 (1.7.6)
implies the equality
rkE = rkE ′ + rkE ′′. (1.7.7)
Additionally, the short exact sequence (1.7.6) induces a short exact sequence in
RepBdR(GK)
0→ E ′dR → EdR → E
′′
dR → 0, (1.7.8)
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and taking GK-invariants of this last exact sequence (1.7.8) yields an exact
sequence of K-vector spaces
0→ DdR(E
′)→ DdR(E )→ DdR(E
′′). (1.7.9)
Hence, by (1.7.9) , we have
dimK DdR(E ) 6 dimK DdR(E
′) + dimK DdR(E ). (1.7.10)
Moreover, we have
dimK DdR(E
′) 6 rkE ′
dimK DdR(E
′′) 6 rkE ′′,
(1.7.11)
and, since E is de Rham, we have
dimK DdR(E ) = rkE . (1.7.12)
The combination of the equations (1.7.7), (1.7.10), (1.7.11) and (1.7.12) implies
dimK DdR(E
′) = rkE ′
dimK DdR(E
′′) = rkE ′′,
and therefore, E ′ and E ′′ are de Rham.
Furthermore, since all the terms of the short exact sequence (1.7.6) are de
Rham, it induces, by definition, a short exact sequence of generically flat B+dR-
representations of GK
0→ (E ′)+dR → E
+
dR → (E
′′)+dR → 0, (1.7.13)
and thus, by Theorem 1.7.2, the sequence of filtered K-vector spaces associated
with (1.7.13) is short exact. 
Remark 1.7.6. Let n ∈ Z. With the above convention for weights, the Hodge-
Tate weight of the representation Qp(n) is n.
2 Truncation of the Hodge-Tate filtration
In this section, we define and study the modification by truncation of a de Rham
vector bundle. This modification is induced by truncation of the Hodge-Tate
filtration of the associated filtered vector space.
2.1 Modification of filtered vector spaces
Let Fil60K be the full subcategory of FilK of filtered K-vector spaces whose
weights are less than or equal to 0. We construct a left adjoint to the forgetful
functor from Fil60K to FilK .
Definition 2.1.1. Let (D,FilD) be a filteredK-vector space. The modification
by truncation of (D,FilD) is the filtered K-vector space (D,Fil+D) where
Filn+D =
{
D if n 6 0,
FilnD if n > 0.
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The modification by truncation (D,Fil+D) of a filtered K-vector space
(D,FilD) is an object of Fil60K . Moreover, the association (D,FilD) 7→ (D,Fil+D)
is functorial: if
f : (D,FilD)→ (C,FilC)
is a morphism of filtered K-vector spaces, that is a K-linear map f : D → C
compatible with the filtrations, then the map f is compatible with the truncated
filtrations and induces a morphism between the modifications by truncation
f : (D,Fil+D)→ (C,Fil+ C).
Definition 2.1.2. The functor induced by the modification by truncation is
called the truncation functor and denoted by
τ60Fil : FilK → Fil
60
K
(D,FilD) 7→ (D,Fil+D).
Remark 2.1.3. The truncation functor fits into the commutative diagram
FilK Fil
60
K
VecK VecK ,
τ60
Fil
id
where the vertical arrows are the forgetful functor, and the bottom arrow is the
identity functor.
Proposition 2.1.4. The truncation functor τ60Fil is exact and left adjoint to the
forgetful functor.
Proof. The exactness follows directly from the definition. We prove the adjunc-
tion property. If (C,FilC) is an object of Fil60K , then by definition we have
(C,Fil+ C) = (C,FilC).
Therefore, the truncation functor provides a map functorial in (D,FilD) ∈
Ob(FilK) and (C,FilC) ∈ Ob(Fil
60
K ):
Hom((D,FilD), (C,FilC))
Hom((D,Fil+D), (C,Fil+ C))
Hom((D,Fil+D), (C,FilC)).
τ60
Fil
(2.1.1)
Reciprocally, if f ∈ Hom((D,Fil+D), (C,FilC)), then the underlying K-linear
map f : D → C satisfies
f(FilnD) ⊂ Filn C, if n > 0. (2.1.2)
Moreover, since (C,FiliC) is an object of Fil60K , the map f also satisfies
f(FilnD) ⊂ C = Filn C, if n 6 0. (2.1.3)
Therefore, the combination of the equations (2.1.2) and (2.1.3) implies that the
map f induces a morphism (D,FilD) → (C,FilC). Thus, the map (2.1.1) is
bijective and functorial in (D,FilD) and (C,FilC), so the truncation functor is
left adjoint to the forgetful functor. 
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If (D,FilD) is a filteredK-vector space, then the identity map on D induced
a morphism of filtered K-vector spaces
η(D,FilD) : (D,FilD)→ (D,Fil+D).
Moreover, the map η(D,FilD) is send to the identity map of (D,Fil+D) by the
bijection (2.1.1):
τ60Fil : Hom((D,FilD), (D,Fil+D))
∼−→ Hom((D,Fil+D), (D,Fil+D))
η(D,FilD) 7→ id(D,Fil+ D).
Thus, we have:
Corollary 2.1.5. Let (D,FilD) be a filtered K-vector space. The map η(D,FilD)
is the universal morphism from (D,FilD) to the forgetful functor from Fil60K to
FilK .
Via the equivalence of categories between FilK and Rep
flat
B
+
dR
(GK) (Theorem 1.7.2),
the modification by truncation of filtered K-vector spaces defines a modification
of generically flat B+dR-representations of GK which we now compute.
Lemma 2.1.6. Let (D,FilD) be a filtered K-vector space. Then
∑
n∈Z
FilnBdR ⊗K Fil
−n
+ D =
(∑
n∈Z
FilnBdR ⊗K Fil
−nD
)
+B+dR ⊗K D.
Proof. By definition of Fil+D, we have∑
n∈Z
FilnBdR ⊗K Fil
−n
+ D
=
∑
n<0
FilnBdR ⊗K Fil
−nD +
∑
n>0
FilnBdR ⊗K D.
(2.1.4)
Since FilnBdR ⊗K Fil
−nD is contained in FilnBdR ⊗K D for all n ∈ Z, the
equation (2.1.4) gives∑
n∈Z
FilnBdR ⊗K Fil
−n
+ D
=
∑
n∈Z
FiliBdR ⊗K Fil
−nD +
∑
n>0
FilnBdR ⊗K D.
(2.1.5)
Moreover, we have ∑
n>0
FilnBdR ⊗K D = B
+
dR ⊗K D. (2.1.6)
Therefore, the combination of the equations (2.1.5) and (2.1.6) yields
∑
n∈Z
FilnBdR ⊗K Fil
−n
+ D =
(∑
n∈Z
FilnBdR ⊗K Fil
−nD
)
+B+dR ⊗K D.

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Let Repflat
B
+
dR
(GK)
60 be the full subcategory of Repflat
B
+
dR
(GK) equivalent to
Fil60K under the equivalence between Rep
flat
B
+
dR
(GK) and FilK of Theorem 1.7.2.
By Lemma 2.1.6, the composition of functors
Repflat
B
+
dR
(GK) ∼−→ FilK
τ60
Fil−−→ Fil60K
∼−→ Repflat
B
+
dR
(GK)
60 (2.1.7)
associates with a generically flat B+dR-representation E
+
dR of GK the generically
flat B+dR-representation
E
+
dR +B
+
dR ⊗K (EdR)
GK .
Definition 2.1.7. The functor (2.1.7) is also called the truncation functor, and
is denoted by
τ60dR : Rep
flat
B
+
dR
(GK)→ Rep
flat
B
+
dR
(GK)
60
E
+
dR 7→ E
+
dR +B
+
dR ⊗K (EdR)
GK .
The next corollary follows immediately from the equivalence of Theorem 1.7.2
and Remark 1.7.3, and the properties of the truncation functor τ60Fil : Remark 2.1.3
and Proposition 2.1.4.
Corollary 2.1.8. The truncation functor τ60dR is exact and left adjoint to the
forgetful functor. Furthermore, the diagram
Repflat
B
+
dR
(GK) Rep
flat
B
+
dR
(GK)
60
RepflatBdR(GK) Rep
flat
BdR
(GK),
τ60
dR
id
where the vertical arrows are the functors of extension of scalars, is commutative.
We deduce the following description of the universal morphism associated
with τ60dR from Corollary 2.1.5.
Corollary 2.1.9. Let E+dR be a generically flat B
+
dR-representation of GK. The
inclusion map
i
E
+
dR
: E+dR ⊂ E
+
dR +B
+
dR ⊗K (EdR)
GK
is the universal morphism from E+dR to the forgetful functor from Rep
flat
B
+
dR
(GK)
60
to Repflat
B
+
dR
(GK).
2.2 Modification of de Rham vector bundles
Let BunFF(GK)
60
dR be the full subcategory of BunFF(GK)dR of GK-equivariant
de Rham vector bundles over XFF whose Hodge-Tate weights are less than or
equal to 0. We use the results from the previous subsection to construct a left
adjoint to the forgetful functor from BunFF(GK)
60
dR to BunFF(GK)dR.
We consider the functor
(id, τ60dR ) : RepBe(GK)× Rep
flat
B
+
dR
(GK)→ RepBe(GK)× Rep
flat
B
+
dR
(GK)
60
(Ee,E
+
dR) 7→ (Ee,E
+
dR +B
+
dR ⊗K (EdR)
GK )
(2.2.1)
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formed by the identity functor on RepBe(GK) together with the truncation func-
tor τ60dR . Under the equivalence of Theorem 1.3.2, the category BunFF(GK)dR
has been identified with the fibre product of
Repflat
B
+
dR
(GK)
RepBe(GK) RepBdR(GK),
and the category BunFF(GK)
60
dR is identified with the fibre product of
Repflat
B
+
dR
(GK)
60
RepBe(GK) RepBdR(GK).
Moreover, by Corollary 2.1.8, the diagram
Repflat
B
+
dR
(GK) Rep
flat
B
+
dR
(GK)
60
RepBdR(GK) RepBdR(GK)
τ60
dR
id
is commutative. Therefore, the functor (2.2.1) induces a well-defined functor
BunFF(GK)dR → BunFF(GK)
60
dR, (2.2.2)
which associates with a GK-equivariant de Rham vector bundle E = (Ee,E
+
dR, ιE )
the vector bundle
(Ee,E
+
dR +B
+
dR ⊗K DdR(E ), ιE ).
Definition 2.2.1. Let E = (Ee,E
+
dR, ιE ) be a de Rham GK-equivariant vector
bundle over XFF. The vector bundle (Ee,E
+
dR + B
+
dR ⊗K DdR(E ), ιE ) is called
the modification by truncation of E and is denoted by
E+ = (Ee,E
+
dR +B
+
dR ⊗K DdR(E ), ιE ).
Definition 2.2.2. The functor (2.2.2) is called the truncation functor, and is
denoted by
τ60HT : BunFF(GK)dR → BunFF(GK)
60
dR
E 7→ E+.
The following commutative diagram illustrates the definition of the trunca-
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tion functor:
BunFF(GK)dR RepBe(GK)
BunFF(GK)
60
dR RepBe(GK)
Repflat
B
+
dR
(GK) RepBdR(GK)
Repflat
B
+
dR
(GK)
60 RepBdR(GK)
FilK VecK
Fil60K VecK .
τ60
HT
id
τ60
dR
id
∼
τ60
Fil
id∼
From Corollary 2.1.8 follows:
Proposition 2.2.3. The truncation functor τ60HT is exact and left adjoint to the
forgetful functor.
If E is a de Rham GK-equivariant vector bundle, then, by construction, we
have
(DdR(E+),FilDdR(E+)) ≃ (DdR(E ),Fil+DdR(E )).
We note that if the Hodge-Tate weights of E are less than or equal to 0, then
(DdR(E ),Fil+DdR(E )) = (DdR(E ),FilDdR(E )), and E+ ≃ E . Precisely:
Corollary 2.2.4. The composition of the truncation functor with the forgetful
functor
Bun60FF(GK)dR → BunFF(GK)dR
τ60
HT−−→ Bun60FF(GK)dR
is isomorphic to the identity functor on Bun60FF(GK)dR.
Proof. The assertion is a formal consequence of the adjunction property from
Proposition 2.2.3 and the fully faithfulness of the forgetful functor (see [29, IV
§3 Theorem 1]). 
From Corollary 2.1.9, we obtain a description of the universal morphism
associated with τ60HT. If E = (Ee,E
+
dR, ιE ) is a GK-equivariant de Rham vector
bundle over XFF, then the identity map idEe on Ee together with the natural
inclusion
i
E
+
dR
: E+dR ⊂ E
+
dR +B
+
dR ⊗K DdR(E )
define an injective morphism of GK-equivariant vector bundles
ηE = (idEe , iE+
dR
) : E → E+.
Corollary 2.2.5. Let E = (Ee,E+dR, ιE ) be a GK-equivariant de Rham vector
bundle over XFF. The map ηE is the universal morphism from E to the forgetful
functor from Bun60FF(GK)dR to BunFF(GK)dR.
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2.3 Hodge-Tate and Harder-Narasimhan filtrations
If V is a de Rham p-adic representation of GK , we recall (Theorem 1.6.3 and
Remark 1.7.4) that the associated vector bundle
E (V ) = (Be ⊗Qp V,B
+
dR ⊗Qp V )
is GK-equivariant, de Rham and semi-stable of slope 0. In particular, we can
consider the modification by truncation of E (V ) which we denote by
E+(V ) =
(
Be ⊗Qp V,B
+
dR ⊗Qp V +B
+
dR ⊗K DdR(V )
)
.
We also denote by
ηV : E (V )→ E+(V ).
the universal morphism from Corollary 2.2.5. The cokernel of ηV , which we
denote by F+(V ), is a GK-equivariant torsion coherent sheaf defined by
F+(V ) =
(
0,
B+dR ⊗Qp V +B
+
dR ⊗K DdR(V )
B+dR ⊗Qp V
)
, (2.3.1)
and there is a short exact sequence of GK-equivariant coherent sheaves
0→ E (V )
ηV
−−→ E+(V )→ F+(V )→ 0. (2.3.2)
In the remainder of this section, we study the Harder-Narasimhan slopes of
E+(V ).
Lemma 2.3.1. Let V be a de Rham p-adic representation of GK . The Harder-
Narasimhan slopes of E+(V ) are greater than or equal to 0.
Proof. The short exact sequence (2.3.2) induces the cohomological exact se-
quence
H1(XFF,E (V ))→ H1(XFF,E+(V ))→ H
1(XFF,F+(V ))→ 0. (2.3.3)
Since E (V ) and F+(V ) are semi-stable of slopes 0 and +∞ respectively, the
groups H1(XFF,E (V )) and H1(XFF,F+(V )) vanish by Theorem 1.5.3. There-
fore, the exact sequence (2.3.3) forces the group H1(XFF,E+(V )) to be trivial,
and the lemma follows from another application of Theorem 1.5.3. 
Definition 2.3.2. Let V be a de Rham p-adic representation of GK . The
representation V0 is the minimal sub-GK-representation of V such that the
Hodge-Tate weights of V/V0 are less than or equal to 0.
Remark 2.3.3. The representation V0 is well-defined. Indeed, if U and W are
sub-GK-representations of V such that the Hodge-Tate weights of both V/U and
V/W are less than or equal to 0, then V/(U ∩W ) injects into V/U⊕V/W which
implies, by Proposition 1.7.5 and Remark 1.7.1, that the Hodge-Tate weights of
V/(U ∩W ) are less than or equal to 0.
Lemma 2.3.4. Let V be a de Rham p-adic representation of GK . There exists
no proper sub-GK-representation V ′0 of V0 such that the Hodge-Tate weights
of V0/V ′0 are less than or equal to 0, i.e.
(V0)0 = V0.
22
Proof. If V ′0 is a sub-GK-representation of V0 such that the Hodge-Tate weights
of V0/V
′
0 are less than or equal to 0, then we have the short exact sequence
0→ V0/V
′
0 → V/V
′
0 → V/V0 → 0. (2.3.4)
On the one hand, by hypothesis, the Hodge-Tate weights of V0/V
′
0 are less
than or equal to 0. On the other hand, the Hodge-Tate weights of V/V0 are
less than or equal to 0 by definition of V0. Thus, by Proposition 1.7.5 and
Remark 1.7.1, the short exact sequence (2.3.4) forces the Hodge-Tate weights
of V/V ′0 to be less than or equal to 0. By minimality of V0, we then have
V ′0 = V0. 
Proposition 2.3.5. Let V be a de Rham p-adic representation of GK . The
Harder-Narasimhan slopes of E+(V ) are strictly greater than 0 if and only if
V = V0.
Proof. The condition V = V0 is sufficient. We first prove that the condition V =
V0 is sufficient. We proceed by contradiction, so we assume that V = V0 and
that 0 is a Harder-Narasimhan slope of E+(V ). Therefore, by Lemma 2.3.1, the
smallest Harder-Narasimhan slope of E+(V ) is 0. Let
0→ E ′ → E+(V )→ E
′′ → 0 (2.3.5)
be the first step of the Harder-Narasimhan filtration of E+(V ), so the vector
bundle E ′′ is GK-equivariant and semi-stable of slope 0. Thus, by Theorem 1.6.3,
there exists a p-adic representation V ′′ of GK such that
E
′′ = E (V ′′).
Since E+(V ) is de Rham with Hodge-Tate weights less than or equal to 0,
Proposition 1.7.5 and Remark 1.7.1 applied to the exact sequence (2.3.5) imply
that the representation V ′′ is de Rham with Hodge-Tate weights less than or
equal to 0.
Therefore, the adjunction property of the truncation functor (Proposition 2.2.3)
gives
Hom(E+(V ),E (V
′′)) ≃ Hom(E (V ),E (V ′′)). (2.3.6)
By Theorem 1.6.3, the equation (2.3.6) gives
Hom(E+(V ),E (V
′′)) ≃ HomRepQp(GK)(V, V
′′). (2.3.7)
Since V = V0 and the Hodge-Tate weights of V
′′ less than or equal to 0, by
Lemma 2.3.4, we have
HomRepQp (GK)(V, V
′′) = 0. (2.3.8)
We reach a contradiction: the combination of the equations (2.3.7) and (2.3.8)
yields
Hom(E+(V ),E (V
′′)) = 0,
which contradicts the existence of the exact sequence (2.3.5), and consequently,
the assumption that 0 is a Harder-Narasimhan slope of E+(V ). 
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Proof. The condition V = V0 is necessary. We prove that the condition V = V0
is necessary. We proceed by contraposition, so we assume V 6= V0. By exactness
of the truncation functor (Proposition 2.2.3), the short exact sequence
0→ V0 → V → V/V0 → 0
induces a short exact sequence
0→ E+(V0)→ E+(V )→ E+(V/V0)→ 0. (2.3.9)
On the one hand, since the Hodge-Tate weights of V/V0 are less than or
equal to 0 by definition of V0, by Corollary 2.2.4, we have E+(V/V0) ≃ E (V/V0);
in particular, the vector bundle E+(V/V0) is semi-stable of slope 0. On the
other hand, since (V0)0 = V0 (Lemma 2.3.4), the already proved part of Pro-
position 2.3.5 implies that the Harder-Narasimhan slopes of E+(V0) are strictly
greater than 0. The unicity of the Harder-Narasimhan filtration implies that
the short exact sequence (2.3.9) is the first step of the Harder-Narasimhan fil-
tration of E+(V ). In particular, 0 is one of the Harder-Narasimhan slopes of
E+(V ). 
Corollary 2.3.6. Let V be a de Rham p-adic representation of GK . The short
exact sequence
0→ E+(V0)→ E+(V )→ E+(V/V0)→ 0
is the first step of the Harder-Narasimhan filtration of E+(V ) with
E+(V/V0) ≃ E (V/V0)
semi-stable of slope 0.
3 Universal norms of p-adic Galois representa-
tions
In this final section, we prove the main results of the article regarding universal
norms of p-adic Galois representations. To do so, we first recall the definition
of the group Edisc(V/T ) and its Hausdorff completion E+(V/T ), associated by
Fontaine [18, §8] with a p-adic representation V of GK and a Zp-lattice T in
V stable under the action of GK . These groups are respectively related to the
Bloch-Kato subgroups (see §3.2) and the modification by truncation from the
previous section (see §3.3). A study of their Galois cohomology will implies the
main results.
3.1 Almost Cp-representations and groups of points
Let V be a p-adic representation of GK . The tangent space of V is the finite
dimensional K-vector space
tV =
(
(BdR/B
+
dR)⊗Qp V
)GK
.
For all K-algebra R, we set tV (R) = R⊗K tV . The inclusion
tV ⊂ (BdR/B
+
dR)⊗Qp V
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induces a Q¯p-linear map
tV (Q¯p)→ (BdR/B
+
dR)⊗Qp V, (3.1.1)
and a B+dR-linear map
tV (B
+
dR)→ (BdR/B
+
dR)⊗Qp V. (3.1.2)
The first map (3.1.1) is injective, and we use it to identify tV (Q¯p) with a
sub-Q¯p-vector space of (BdR/B
+
dR)⊗Qp V stable under the action of GK . The
image of the second map (3.1.2), which is denoted by tˆV (Q¯p), identifies with
the topological closure of tV (Q¯p) in (BdR/B
+
dR)⊗Qp V . Moreover, tˆV (Q¯p) is a
B+dR-representation of GK whose underlying B
+
dR-module is of finite length.
The fundamental exact sequence (1.1.2) tensored with V gives a short exact
sequence
0→ V → Ee(V )→ (BdR/B
+
dR)⊗Qp V → 0,
where we set Ee(V ) = Be ⊗Qp V . The group Edisc(V ) (respectively E+(V )) is
defined as the inverse image of tV (Q¯p) (respectively tˆV (Q¯p)) in Ee(V ), so that
there is a commutative diagram with exact rows
0 V Ee(V ) (BdR/B
+
dR)⊗Qp V 0
0 V E+(V ) tˆV (Q¯p) 0
0 V Edisc(V ) tV (Q¯p) 0.
(3.1.3)
Let T be a Zp-lattice in V stable under the action of GK . For each ∗ ∈
{e,+, disc}, let
E∗(V/T ) = E∗(V )/T.
The diagram (3.1.3) induces a commutative diagram with exact rows
0 V/T Ee(V/T ) (BdR/B
+
dR)⊗Qp V 0
0 V/T E+(V/T ) tˆV (Q¯p) 0
0 V/T Edisc(V/T ) tV (Q¯p) 0.
The groups Edisc(V/T ) and E+(V/T ) are characterized as sub-topological-
GK-modules of Ee(V/T ) [18, Proposition 8.4].
Proposition 3.1.1 (Fontaine). The group Edisc(V/T ) is the maximal subgroup
stable under the action of GK of Ee(V/T ) on which the action of GK is discrete.
The group E+(V/T ) is the topological closure of Edisc(V/T ) in Ee(V/T ).
Remark 3.1.2. The topological GK-module E+(V ) is an almost Cp-represent-
ation of GK , a category introduced by Fontaine [18]. In particular, E+(V )
is a p-adic Banach space endowed with a continuous and linear action of GK .
As such, E+(V ) contains a sub-Zp-module S+ which is separated and com-
plete for the p-adic topology, stable under the action of GK , and such that
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E+(V ) = S+ ⊗Zp Qp with the corresponding topology, i.e. {p
nS+, n ∈ N} is
a fundamental system of neighbourhood of 0 in E+(V ). Let S be the image of
S+ ∩ Edisc(V ) in Edisc(V/T ). Since Edisc(V/T ) is dense in E+(V/T ), there is
an isomorphism of topological GK-modules
lim
←−
n∈N
Edisc(V/T )/p
nS ≃ E+(V/T ),
where the left-hand side is equipped with the inverse limit topology and each
term Edisc(V/T )/p
nS is discrete. Hence, E+(V/T ) is the Hausdorff completion
of Edisc(V/T ).
The topological GK-module Edisc(V/T ) is the group of points with values in
Q¯p associated with V/T . By Proposition 3.1.1, the action of GK on Edisc(V/T )
is compatible with the discrete topology.
Definition 3.1.3. The topological GK-module Edisc(V/T ) is defined as the
GK-module Edisc(V/T ) endowed with the discrete topology.
We will abusively also denote by tV (Q¯p) the GK-module tV (Q¯p) equipped
with the discrete topology, so that Edisc(V/T ) fits into the short exact sequence
of discrete GK-modules
0→ V/T → Edisc(V/T )→ tV (Q¯p)→ 0.
Remark 3.1.4. Let A be an Abelian variety defined overK. Let tA be the tangent
space of A. Let A[pn] be the subgroup of pn-torsion points of A(Cp). The p-adic
Tate module Tp(A) = lim←−×p
A[pn] is a free Zp-module of rank 2 dim(A) equipped
with a continuous and linear action of GK . Thus, Vp(A) = Qp ⊗Zp Tp(A) is a
p-adic representation of GK , and Vp(A)/Tp(A) =
⋃
n∈N A[p
n] = A[p∞] is the
discrete GK-module of p-power torsion points of A(Cp). The exponential map
on A enables to construct GK-equivariant splittings
A(Cp) = A
(p)(Cp)⊕A[p
′],
A(Q¯p) = A
(p)(Q¯p)⊕A[p
′],
where A[p′] denotes the subgroup of prime-to-p torsion points of A(Cp) (see
[18, §1.1]). Fontaine proved [18, Proposition 8.6] that there are canonical and
functorial isomorphisms of topological GK-modules
tVp(A)(Q¯p) ≃ tA(Q¯p), tˆVp(A)(Q¯p) ≃ tA(Cp),
Edisc(A[p
∞]) ≃ A(p)(Q¯p), E+(A[p
∞]) ≃ A(p)(Cp).
Fontaine also proved analogous results for p-divisible groups. Let G be a
p-divisible group defined over OK . Let tG be the tangent space of G. Let
Tp(G) be the p-adic Tate module of G, and let Vp(G) = Qp ⊗Zp Tp(G), so
that Vp(G)/Tp(G) = G[p
∞] is the discrete GK-module of p-power torsion points
of G(OCp). There are canonical and functorial isomorphisms of topological
GK-modules
tVp(G)(Q¯p) ≃ tG(Q¯p), tˆVp(G)(Q¯p) ≃ tG(Cp),
Edisc(G[p
∞]) ≃ G(OQ¯p), E+(G[p
∞]) ≃ G(OCp).
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3.2 The Bloch-Kato subgroups
We recall the definition of the Bloch-Kato subgroups [3, §3]. Let V be a p-adic
representation of GK . For each finite extension K
′ of K, the exponential, finite
and geometric Bloch-Kato subgroups of H1(K ′, V ) are respectively defined by
H1e(K
′, V ) = Ker
(
H1(K ′, V )→ H1(K ′,Be ⊗Qp V )
)
,
H1f (K
′, V ) = Ker
(
H1(K ′, V )→ H1(K ′,Bcris ⊗Qp V )
)
,
H1g(K
′, V ) = Ker
(
H1(K ′, V )→ H1(K ′,BdR ⊗Qp V )
)
.
There are inclusions
H1e(K
′, V ) ⊂ H1f (K
′, V ) ⊂ H1g(K
′, V ) ⊂ H1(K ′, V ).
Let T be a Zp-lattice in V stable under the action of GK . The short exact
sequence
0→ T → V → V/T → 0
induces a cohomological exact sequence
H1(K ′, T )
αK′−−→ H1(K ′, V )
βK′−−→ H1(K ′, V/T ).
For ∗ ∈ {e, f, g}, the Bloch-Kato subgroups of H1(K ′, T ) and H1(K ′, V/T ) are
respectively defined by
H1∗(K
′, T ) = α−1K′ (H
1
∗(K
′, V )),
H1∗(K
′, V/T ) = βK′(H
1
∗(K
′, V )).
For each ∗ ∈ {e, f, g}, the groups H1∗(K
′, V/T ) are compatible under the
restriction maps. If L is an algebraic extension of K, then the Bloch-Kato
subgroups of H1(L, V/T ) are defined by
H1∗(L, V/T ) = lim−→
res,K′
H1∗(K
′, V/T )
where the limit is taken relatively to the restriction maps and K ′ runs through
the finite extensions of K contained in L.
The following proposition, which relates the exponential Bloch-Kato sub-
group to Edisc(V/T ), is essentially contained in [18, §8] or [3, Corollary 3.8.4].
Proposition 3.2.1. Let L be an algebraic extension of K. The short exact
sequence
0→ V/T → Edisc(V/T )→ tV (Q¯p)→ 0
induces a cohomological short exact sequence
0→ H1e(L, V/T )→ H
1(L, V/T )→ H1(L,Edisc(V/T ))→ 0.
Proof. Let K ′ be a finite extension of K. Each short exact sequence of the
diagram (3.1.3) induces the same cohomological exact sequence
0 V GK′ Ee(V )
GK′
(
(BdR/B
+
dR)⊗Qp V
)GK′ H1(K ′, V )
0 V GK′ Edisc(V )
GK′ tV (K
′) H1(K ′, V ).
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Hence, by definition of the exponential Bloch-Kato subgroups of H1(K ′, V ),
there is an exact sequence
0→ V GK′ → Edisc(V )
GK′ → tV (K
′)→ H1e(K
′, V )→ 0. (3.2.1)
The commutative diagram with exact rows
0 V Edisc(V ) tV (Q¯p) 0
0 V/T Edisc(V/T ) tV (Q¯p) 0,
induces the exact commutative diagram
0 V GK′ Edisc(V )
GK′ tV (K
′) H1(K ′, V )
0 (V/T )GK′ Edisc(V/T )
GK′ tV (K
′) H1(K ′, V/T ).
βK′
(3.2.2)
The definition of H1e(K
′, V/T ) = βK′(H
1
e(K
′, V )) together with the exact se-
quence (3.2.1) and the commutativity of the diagram (3.2.2) gives an exact
sequence
0→ (V/T )GK′ → Edisc(V/T )
GK′ → tV (K
′)→ H1e(K
′, V/T )→ 0. (3.2.3)
This last exact sequence (3.2.3) implies that the long cohomological exact se-
quence associated with the short exact sequence of discrete GK-modules
0→ V/T → Edisc(V/T )→ tV (Q¯p)→ 0
induces the short exact sequence
0→ H1e(K
′, V/T )→ H1(K ′, V/T )→ H1(K ′, Edisc(V/T ))→ 0, (3.2.4)
where the final zero follows from the vanishing of H1(K ′, Q¯p). Since V/T and
Edisc(V/T ) are discrete GK-modules, we deduce the lemma for a general algeb-
raic extension L of K by taking the limit relative to the restriction maps of the
exact sequence (3.2.4). 
Remark 3.2.2. Let G be a p-divisible group defined over OK . Let L be an
algebraic extension of K. The logarithm short exact sequence [45]
0→ G[p∞]→ G(OQ¯p)
logG−−−→ tG(Q¯p)→ 0
induces the cohomological short exact sequence
0→ G(OL)⊗Zp Qp/Zp
κGL−−→ H1(L,G[p∞])→ H1(L,G)→ 0.
The application κGL is the Kummer map. By combining Proposition 3.2.1 with
Fontaine’s results from Remark 3.1.4, we recover the fact [3, Example 3.10] that
the image of the Kummer map κGL coincides with the exponential Bloch-Kato
subgroups H1e(L,G[p
∞]).
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Similarly, for an Abelian variety A defined over K, we recover the fact that
the image of the Kummer map
κAL : A(L)⊗Zp Qp/Zp → H
1(L,A[p∞])
coincides with H1e(L,A[p
∞]) (we recall that for an Abelian variety the Bloch-
Kato subgroups are all equal, see [3, Example 3.11]).
For a general p-adic representation V of GK , Proposition 3.2.1, precisely the
exact sequence (3.2.1), induces an isomorphism
H0(L,Edisc(V/T ))⊗Zp Qp/Zp ≃ H
1
e(L, V/T ).
3.3 Almost Cp-representations and vector bundles
We now establish the link with the modification by truncation from the previous
section.
Proposition 3.3.1. Let V be a de Rham p-adic representation of GK . There
is a canonical and functorial isomorphism of topological GK-modules
E+(V ) ≃ Γ(X
FF,E+(V )).
Proof. We recall the short exact sequence (2.3.2) of GK-equivariant coherent
sheaves:
0→ E (V )
ηV
−−→ E+(V )→ F+(V )→ 0.
The Harder-Narasimhan slopes of these coherent sheaves are all greater than or
equal to 0 (Lemma 2.3.1), and we know (Theorem 1.6.3) that
Γ(XFF,E (V )) ≃ V.
Therefore, by Theorems 1.5.1 and 1.5.3, the cohomology of the exact sequence (2.3.2)
gives the exact commutative diagram
0 V Ee(V ) (BdR/B
+
dR)⊗Qp V 0
0 Γ(XFF,E (V )) Γ(XFF,E+(V )) Γ(X
FF,F+(V )) 0
0 0 .
∼
Hence, it is enough to prove that Γ(XFF,F+(V )) is isomorphic to tˆV (Q¯p), which
is done in the next lemma 3.3.2. 
Lemma 3.3.2. Let V be a de Rham p-adic representation of GK . There is a
canonical and functorial isomorphism of topological GK-modules
tˆV (Q¯p) ≃ Γ(X
FF,F+(V )).
Proof. Since V is de Rham, we have
tV ≃ DdR(V )/Fil
0DdR(V ).
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Therefore, we have
tˆV (Q¯p) = Im
(
tV (B
+
dR)→ (BdR/B
+
dR)⊗Qp V
)
≃ Im
(
B+dR ⊗K (DdR(V )/Fil
0DdR(V ))→ (BdR/B
+
dR)⊗Qp V
)
≃ Im
(
B+dR ⊗K DdR(V )
B+dR ⊗K Fil
0DdR(V )
→
BdR ⊗Qp V
B+dR ⊗Qp V
)
≃
B+dR ⊗Qp V +B
+
dR ⊗K DdR(V )
B+dR ⊗Qp V
≃ Γ(XFF,F+(V )),
where the last isomorphism is given by Theorem 1.5.1 and the definition (2.3.1)
of F+(V ). 
Remark 3.3.3. Fontaine [19] has related the categories of almost Cp-representa-
tions of GK and GK-equivariant coherent sheaves overX
FF; these two categories
are not equivalent, but can be reconstruct out of one another (see also [27] for
an analogous result without Galois action).
Corollary 3.3.4. Let V be a de Rham p-adic representation of GK . There is
an isomorphism of B+dR-representations of GK
tˆV (Q¯p) ≃
⊕
n∈N
Bmn(V )n ,
where mn(V ) is the multiplicity of n as a Hodge-Tate weight of V .
Proof. By Lemma 3.3.2, we have
tˆV (Q¯p) ≃
B+dR ⊗Qp V +B
+
dR ⊗K DdR(V )
B+dR ⊗Qp V
≃
B+dR ⊗K DdR(V )
B+dR ⊗Qp V ∩B
+
dR ⊗K DdR(V )
.
(3.3.1)
We compute B+dR ⊗Qp V ∩B
+
dR ⊗K DdR(V ). Since V is de Rham, we have
B+dR ⊗Qp V =
∑
n∈Z
FilnBdR ⊗K Fil
−nDdR(V ).
Therefore, we have
B+dR ⊗Qp V ∩B
+
dR ⊗K DdR(V )
≃
(∑
n∈Z
FilnBdR ⊗K Fil
−nDdR(V )
)
∩B+dR ⊗K DdR(V )
≃

∑
n>0
FilnBdR ⊗K Fil
−nDdR(V )

+
(∑
n<0
B+dR ⊗K Fil
−nDdR(V )
)
.
(3.3.2)
30
We choose a splitting of the Hodge-Tate filtration of DdR(V ) so that
DdR(V ) ≃
⊕
n∈Z
Gr−nDdR(V ),
where Gr−nDdR(V ) = Fil
−nDdR(V )/Fil
−n+1DdR(V ). Then, the equation (3.3.2)
gives
B+dR ⊗Qp V ∩B
+
dR ⊗K DdR(V )
≃

⊕
n>0
FilnBdR ⊗K Gr
−nDdR(V )

⊕
(⊕
n<0
B+dR ⊗K Gr
−nDdR(V )
)
.
(3.3.3)
By the equations (3.3.1) and (3.3.3), we have
tˆV (Q¯p) ≃
B+dR ⊗K DdR(V )
B+dR ⊗Qp V ∩B
+
dR ⊗K DdR(V )
≃
⊕
n∈N
B+dR ⊗K Gr
−nDdR(V )
FilnBdR ⊗K Gr
−nDdR(V )
⊕
⊕
n<0
B+dR ⊗K Gr
−nDdR(V )
B+dR ⊗K Gr
−nDdR(V )
≃
⊕
n∈N
B+dR ⊗K Gr
−nDdR(V )
FilnBdR ⊗K Gr
−nDdR(V )
≃
⊕
n∈N
Bn ⊗K Gr
−nDdR(V ).
(3.3.4)
Finally, since the multiplicity mn(V ) of n as a Hodge-Tate weight of V is the
dimension dimK Gr
−nDdR(V ), the equation (3.3.4) yields
tˆV (Q¯p) ≃
⊕
n∈N
Bmn(V )n .

If V is a de Rham p-adic representation of GK and T is a Zp-lattice in
V stable under the action of GK , we have the sub-GK-representation V0 from
Definition 2.3.2, and we set T0 = T ∩V0 which is a Zp-lattice in V0 stable under
the action of GK .
Corollary 3.3.5. Let V be a de Rham p-adic representation of GK. Let T be
a Zp-lattice in V stable under the action of GK . There is an exact commutative
diagram
0 0
0 V0/T0 E+(V0/T0) tˆV0(Q¯p) 0
0 V/T E+(V/T ) tˆV (Q¯p) 0
V/V0
T/T0
E+
(
V/V0
T/T0
)
0 0 .
∼
∼
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Proof. By Corollary 2.3.6, we have the exact commutative diagram
0 0 0
0 E (V0) E+(V0) F+(V0) 0
0 E (V ) E+(V ) F+(V ) 0
0 E (V/V0) E+(V/V0) 0
0 0 .
ηV0
∼
ηV
∼
ηV/V0
(3.3.5)
Once again, the Harder-Narasimhan slopes of all the coherent sheaves in the
diagram (3.3.5) are all greater than or equal to 0 (Lemma 2.3.1), so by the
isomorphisms established in Theorem 1.6.3, Proposition 3.3.1 and Lemma 3.3.2,
the cohomology of the diagram (3.3.5) yields the exact commutative diagram
0 0
0 V0 E+(V0) tˆV0(Q¯p) 0
0 V E+(V ) tˆV (Q¯p) 0
V/V0 E+(V/V0)
0 0 .
∼
∼
(3.3.6)
Taking the quotient by T in the diagram (3.3.6), we obtain the desired exact
commutative diagram. 
Remark 3.3.6. Let G be a p-divisible group defined over OK . Let G◦ be the
connected component of G, and let Gét = G/G◦ be the maximal étale quotient
of G. The p-adic representation Vp(G) of GK is de Rham with Hodge-Tate
weights 0 and 1, and Vp(G
ét) = Vp(G)/Vp(G
◦) is the maximal quotient of Vp(G)
with unique Hodge-Tate weight 0. Thus, we have
Vp(G)0 = Vp(G
◦),
so G◦[p∞] = Vp(G)0/Tp(G)0 and G
ét[p∞] = (Vp(G)/Vp(G)0)/(Tp(G)/Tp(G)0).
Then, by Fontaine’s result from Remark 3.1.4, the short exact sequence from
Corollary 3.3.5 is isomorphic to the connected-étale short exact sequence [45,
Proposition 4]
0 E+(G
◦[p∞]) E+(G[p
∞]) E+(G
ét[p∞]) 0
0 G◦(OCp) G(OCp) G
ét(OCp) 0.
∼ ∼ ∼
Similarly, let A be an Abelian variety defined over K. Then, the p-adic
representation Vp(A) of GK is de Rham with Hodge-Tate weights 0 and 1.
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Assume A has semi-stable reduction. Let A be a Néron model of A, and
let Aˆ be the commutative formal group associated with A . Then, we have
Vp(Aˆ ) = Vp(A)0 ⊂ Vp(A). Furthermore, if A has good reduction and A˜ is
its reduction over kK , then the short exact sequence from Corollary 3.3.5 is
isomorphic to the reduction short exact sequence
0 E+(Aˆ [p
∞]) E+(A[p
∞]) E+(A˜[p
∞]) 0
0 Aˆ (mCp) A
(p)(Cp) A˜(kCp)[p
∞] 0.
∼ ∼ ∼
3.4 Cohomology of perfectoid fields
Let L be an algebraic extension of K. If V is a de Rham p-adic representation of
GK and T is a Zp-lattice in V stable under the action of GK , in this subsection
we compute the cohomology group H1(L,E+(V/T )) when Lˆ is a perfectoid field.
We shall need some facts about Galois cohomology of perfectoid fields.
Proposition 3.4.1. If Lˆ is a perfectoid field, then the p-cohomological dimen-
sion of L is less than or equal to 1.
Proof. The tilt Lˆ♭ of Lˆ is a field of characteristic p whose absolute Galois group
is canonically isomorphic to GL [40, §3]. Furthermore, the p-cohomological
dimension of a field of characteristic p is less than or equal to 1 [44, II §2.2
Proposition 3]. 
Lemma 3.4.2. Let V be a p-adic representation of GK . If Lˆ is a perfectoid
field, then
H1(L, tˆV (Q¯p)) = 0.
Proof. The B+dR-module underlying tˆV (Q¯p) is of finite length. Therefore, we
can apply Proposition 1.6.1 (and Remark 1.6.2). 
Lemma 3.4.3. Let V be a p-adic representation of GK. Let T be a Zp-lattice
in V stable under the action of GK . If Lˆ is a perfectoid field, then the short
exact sequence
0→ T → E+(V )→ E+(V/T )→ 0
induces a surjection
H1(L,E+(V ))→ H
1(L,E+(V/T ))→ 0.
Proof. By Proposition 3.4.1 and Lemma 3.4.2, the exact commutative diagram
0 0
T T
0 V E+(V ) tˆV (Q¯p) 0
0 V/T E+(V/T ) tˆV (Q¯p) 0
0 0
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induces the cohomological exact commutative diagram
H1(L, V ) H1(L,E+(V )) 0
H1(L, V/T ) H1(L,E+(V/T )) 0
0 ,
from which we deduce the surjectivity of the rightmost vertical map
H1(L,E+(V ))→ H
1(L,E+(V/T ))→ 0.

Proposition 3.4.4. Let V be a de Rham p-adic representation of GK . If Lˆ is
a perfectoid field, then
H1(L,E+(V0)) = 0.
Proof. By Proposition 3.3.1, we have
E+(V0) ≃ Γ(X
FF,E+(V0)),
and the Harder-Narasimhan slopes of E+(V0) are strictly greater than 0 by
Proposition 2.3.5. Therefore, by Proposition 1.6.1, we have
H1(L,E+(V0)) ≃ H
1(L,Γ(XFF,E+(V0)) = 0.

Corollary 3.4.5. Let V be a de Rham p-adic representation of GK. Let T be
a Zp-lattice in V stable under the action of GK . If Lˆ is a perfectoid field, then
i) H1(L,E+(V0/T0)) = 0,
ii) H1(L,E+(V/T )) ≃ H1(L, (V/V0)/(T/T0)).
Proof. The first assertion follows from Lemma 3.4.3 and Proposition 3.4.4. We
prove the second one. By Corollary 3.3.5, there is an exact commutative diagram
0 0
0 V0/T0 E+(V0/T0) tˆV0(Q¯p) 0
0 V/T E+(V/T ) tˆV (Q¯p) 0
V/V0
T/T0
E+
(
V/V0
T/T0
)
0 0 ,
∼
∼
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which, by Proposition 3.4.1 and Lemma 3.4.2, induces the exact commutative
diagram
H1(L, V0/T0) H
1(L,E+(V0/T0)) 0
H1(L, V/T ) H1(L,E+(V/T )) 0
H1
(
L, V/V0T/T0
)
H1
(
L,E+
(
V/V0
T/T0
))
0 .
∼
(3.4.1)
The group H1(L,E+(V0/T0)) is trivial by the first point and we conclude using
the commutativity of the diagram (3.4.1). 
3.5 Universal norms
If V is a de Rham p-adic representation of GK , and T is a Zp-lattice in V stable
under the action of GK , and if L is an algebraic extension of K, then the short
exact sequence
0→ V0/T0 → V/T → (V/V0)/(T/T0)→ 0
induces the cohomological exact sequence
H1(L, V0/T0)
λL−−→ H1(L, V/T )
πL−−→ H1(L, (V/V0)/(T/T0)).
Theorem 3.5.1. Let V be a de Rham p-adic representation of GK . Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. If Lˆ is a perfectoid field, then the exact commutative diagram
0 V/T E+(V/T ) tˆV (Q¯p) 0
0 V/T Edisc(V/T ) tV (Q¯p) 0
induces the exact commutative diagram
0 Ker(piL) H
1(L, V/T ) H1(L,E+(V/T )) 0
0 H1e(L, V/T ) H
1(L, V/T ) H1(L,Edisc(V/T )) 0.
Proof. The theorem follows from the combination of Proposition 3.2.1, Lemma 3.4.2
and Corollary 3.4.5. 
Corollary 3.5.2. Under the hypothesis of Theorem 3.5.1, there is an isomorph-
ism
Ker(piL)/H
1
e(L, V/T ) ≃ Ker
(
H1(L,Edisc(V/T ))→ H
1(L,E+(V/T ))
)
.
Proof. The snake lemma applied to the diagram of Theorem 3.5.1 yields the
desired isomorphism. 
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We compute the right-hand side of the isomorphism from Corollary 3.5.2
under the strong additional assumption that the Hodge-Tate weights of the
representation are less than or equal to 1.
Theorem 3.5.3. Let V be a de Rham p-adic representation of GK . Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. Assume the Hodge-Tate weights of V are less than or equal to 1. If Lˆ is
a perfectoid field, then there is a short exact sequence
0→ H1e(L, V/T )→ H
1(L, V/T )
πL−−→ H1(L, (V/V0)/(T/T0))→ 0.
Proof. Proposition 3.4.1 implies the surjectivity of piL. We prove that H1e(L, V/T ) =
Ker(piL). By Corollary 3.3.4, the hypothesis on the Hodge-Tate weights of V
implies that
tˆV (Q¯p) = tV (Cp).
Thus, by Ax-Sen-Tate theorem [45], we have
H0(L, tˆV (Q¯p)) = H
0(L, tV (Cp)) = tV (Lˆ). (3.5.1)
By Theorem 3.5.1 and the equation (3.5.1), there is an exact commutative dia-
gram of Abelian groups
0 (V/T )GL E+(V/T )
GL tV (Lˆ) Ker(piL) 0
0 (V/T )GL Edisc(V/T )
GL tV (L) H
1
e(L, V/T ) 0.
(3.5.2)
The diagram (3.5.2) can also be considered as a diagram of topological Abelian
groups where H1e(L, V/T ) ⊂ Ker(piL) ⊂ H
1(L, V/T ) are discrete topological
groups (see Appendix A). Furthermore, tV (L) is dense in tV (Lˆ). Therefore, by
continuity, the diagram (3.5.2) yields
H1e(L, V/T ) = Ker(piL).

Remark 3.5.4. While Q¯p is dense in B
+
dR [14], if Lˆ is a perfectoid field, then L
is in general not dense in BGLn for n > 1 [25], so the proof of Theorem 3.5.3 can
not be extended to higher Hodge-Tate weights.
Remark 3.5.5. Let A be an Abelian variety defined over K. We noted in Re-
marks 3.2.2 and 3.3.6 that the representation Vp(A) is de Rham with Hodge-Tate
weights 0 and 1, and that the exponential group coincides with the image of the
Kummer map. Therefore, Theorem 3.5.3 applies to Vp(A), and we to recover
Coates and Greenberg’s result for Abelian varieties mentioned in the introduc-
tion (equation (1)). Coates and Greenberg’s original statement [11, Proposi-
tion 4.3] differs from the equivalent formulation given in the introduction on the
following points.
i) Coates and Greenberg use the notion of deeply ramified extension to state
their result (notion which they also introduced), but L is a deeply ramified
extension of K if and only if Lˆ is a perfectoid field [40, Remark 3.3].
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ii) Instead of Vp(A)0, Coates and Greenberg use the representation Vp(A)
′
defined as the minimal sub-GK-representation of Vp(A) such that the in-
ertia subgroup IK ⊂ GK acts through a finite quotient on Vp(A)/Vp(A)
′.
We have Vp(A)0 = Vp(A)
′. Indeed, Vp(A)/Vp(A)0 is the maximal quotient
of Vp(A) with unique Hodge-Tate weight 0, and Sen [42] proved that if
W is a de Rham p-adic representation of GK , then the inertia subgroup
IK acts through a finite quotient on W if and only if 0 is the unique
Hodge-Tate weight of W .
As a by-product of Theorem 3.5.3 and Corollary 3.5.2, we obtain:
Corollary 3.5.6. Let V be a de Rham p-adic representation of GK. Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. Assume the Hodge-Tate weights of V are less than or equal to 1. If Lˆ is
a perfectoid field, then
H1(L,Edisc(V/T )) ≃ H
1(L,E+(V/T )).
The combination of Corollaries 3.4.5 and 3.5.6 yields:
Corollary 3.5.7. Let V be a de Rham p-adic representation of GK. Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. Assume the Hodge-Tate weights of V are less than or equal to 1. If Lˆ is
a perfectoid field, then
H1(L,Edisc(V0/T0)) = 0
H1(L,Edisc(V/T )) ≃ H
1(L, (V/V0)/(T/T0)).
Remark 3.5.8. Let G is a p-divisible group defined over OK , and let L be an
algebraic extension of K. By Remarks 3.1.4 and 3.3.6, we have
Edisc(Vp(G)/Tp(G)) ≃ G(OQ¯p), and Edisc(Vp(G)0/Tp(G)0) ≃ G
◦(OQ¯p).
Therefore, by Corollary 3.5.7, if Lˆ is perfectoid, then
H1(L,G◦) = 0, and H1(L,G) ≃ H1(L,Gét).
Hence, we recover a theorem of Coates and Greenberg [11, Theorem 3.1, Co-
rollary 3.2] who computed these cohomology groups using explicit methods.
Similarly, we recover the following result of Coates and Greenberg [11, Proposi-
tion 4.8] for Abelian varieties. Let A be an Abelian variety defined over K. By
Corollary 3.5.7, if Lˆ is perfectoid, then
H1(L,A(p)) ≃ H1(L, (Vp(A)/Vp(A)0)/(Tp(A)/Tp(A)0)),
and we recall that if A has good reduction and A˜ is its reduction over kK , then
A˜(kQ¯p)[p
∞] ≃ (Vp(A)/Vp(A)0)/(Tp(A)/Tp(A)0).
If V is a p-adic representation of GK , and T a Zp-lattice in V stable under
the action of GK , then, for each ∗ ∈ {e, f, g}, the groups H
1
∗(K
′, T ), where K ′ is
a finite extension of K, are compatible under the corestriction maps. If L is an
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algebraic extension of K, the first Iwasawa cohomology group of the extension
L/K with coefficients in T is
H1Iw(L/K, T ) = lim←−
cor,K′
H1(K ′, T ),
and, for ∗ ∈ {e, f, g}, the module of ∗-universal norms associated with T in the
extension L/K is
H1Iw,∗(L/K, T ) = lim←−
cor,K′
H1∗(K
′, T ),
where both limits are taken relatively to the corestriction maps and K ′ runs
through the finite extensions of K contained in L. If L is finite over K, then
H1Iw(L/K, T ) = H
1(L, T ) and H1Iw,∗(L/K, T ) = H
1
∗(L, T ).
Remark 3.5.9. If A is an Abelian variety defined over K, then
H1Iw,g(L/K, Tp(A)) ≃ lim←−
norm,K′
A(p)(K ′)
where the limit on the right-hand side is taken relatively to the norm maps and
K ′ runs through the finite extensions of K contained in L.
If V is a p-adic representation of GK , we set V
∗(1) = HomQp(V,Qp(1)) the
Tate dual of V . If T is a Zp-lattice in V stable under the action of GK , we set
T ∗(1) = HomZp(T,Zp(1)) the Tate dual of T . For each finite extension K
′ of
K, we recall [3, Proposition 3.8] that under Tate local duality
H1(K ′, V/T )×H1(K ′, T ∗(1))→ H2(K ′,Qp(1)/Zp(1)) ≃ Qp/Zp,
we have:
• H1e(K
′, V/T ) is the orthogonal complement of H1g(K
′, T ∗(1)),
• H1f (K
′, V/T ) is the orthogonal complement of H1f (K
′, T ∗(1)),
• H1g(K
′, V/T ) is the orthogonal complement of H1e(K
′, T ∗(1)).
If L is an algebraic extension of K, then Tate local duality induces a perfect
pairing
H1(L, V/T )×H1Iw(L/K, T
∗(1))→ Qp/Zp,
under which:
• H1e(L, V/T ) is the orthogonal complement of H
1
Iw,g(L/K, T
∗(1)),
• H1f (L, V/T ) is the orthogonal complement of H
1
Iw,f (L/K, T
∗(1)),
• H1g(L, V/T ) is the orthogonal complement of H
1
Iw,e(L/K, T
∗(1)).
In particular, we have the following corollary of Proposition 3.2.1.
Corollary 3.5.10. Let V be a p-adic representation of GK. Let T be a Zp-lat-
tice in V stable under the action of GK . Let L be an algebraic extension of K.
Tate local duality induces a perfect pairing
H1(L,Edisc(V/T ))×H
1
Iw,g(L/K, T
∗(1))→ Qp/Zp.
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If V is a de Rham p-adic representation of GK , we denote by Fil
1 V the
maximal sub-GK-representation of V whose Hodge-Tate weights are greater
than or equal to 1. If T is a Zp-lattice in V stable under the action of GK , we
set Fil1 T = Fil1 V ∩ T . We have the relation
(Fil1 V )∗(1) = V ∗(1)/(V ∗(1))0.
Therefore, under Tate local duality, the dual statement of Theorem 3.5.1 is the
following.
Theorem 3.5.11. Let V be a de Rham p-adic representation of GK . Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. Assume the Hodge-Tate weights of V are greater than or equal to 0. If Lˆ
is a perfectoid field, then
H1Iw,g(L/K, T ) ≃ H
1
Iw(L/K,Fil
1 T ).
Remark 3.5.12. By a theorem of Sen [41] (see also [11, Theorem 2.13]), if L is
an infinite Galois extension of K whose Galois group Gal(L/K) is a p-adic Lie
group and such that L0 is a finite extension overQp, then Lˆ is a perfectoid field.
Therefore, the previous results apply to such extensions which are frequently
encountered in non-commutative Iwasawa theory [10]. In particular, if L =⋃
n∈N K(ζpn) is the cyclotomic extension, then Lˆ is perfectoid. We note some
relations of our results with the literature:
i) If L is the cyclotomic extension of K, and if V is a de Rham repres-
entation of GK , and T a Zp-lattice in V stable under the action of GK ,
Berger [1] proved that the quotient H1Iw(L/K,Fil
1 T )/H1Iw,g(L/K, T ) is a
torsion module over the Iwasawa algebra Zp[[Gal(L/K)]]. In particular,
Berger’s theorem requires no restriction on the Hodge-Tate weights of V .
However, the author does not know how to recover Berger’s result from
Theorem 3.5.1. To do so would be an interesting first step to remove the
hypothesis on the Hodge-Tate weights in Theorems 3.5.3 and 3.5.11 (and
Theorems 3.5.13 and 3.5.15 below).
ii) Again in the cyclotomic case, the module (Be ⊗Qp V )
GL = Ee(V )
GL ap-
pears in Colmez’s work [13] on Iwasawa theory, where it is denoted by
DIw(V ).
iii) If L is the localization at a prime dividing p of the Zp-anticyclotomic
extension of an imaginary quadratic field in which p is inert, then by class
field theory (see for example [43, §3]), Sen’s theorem applies and thus Lˆ
is a perfectoid field. Theorem 3.5.11 then partially answers a series of
conjectures formulated by Büyükboduk [9, Conjectures 2.5, 2.6 and 2.7].
If V is a p-adic representation of GK and T is a Zp-lattice in V stable under
the action of GK , for ∗ ∈ {e, f, g}, we set
H1∗,L(K,T ) =
⋂
K′⊂L
corK′/K
(
H1∗(K
′, T )
)
,
whereK ′ runs through the finite extension ofK contained in L. Then H1
∗,L(K,T )
is also the image of the natural projection map H1Iw,∗(L/K, T )→ H
1(K,T ).
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We shall now use Theorem 3.5.3 and its corollaries to give a description of
H1g,L(K,T ) which generalises a theorem of Coates and Greenberg for Abelian
varieties [11, Theorem 5.2]. We need some notations. Let
res0L/K : H
1(K, (V/V0)/(T/T0))→ H
1(L, (V/V0)/(T/T0))
be the restriction map. We have the previous map
piK : H
1(K,V/T )→ H1(K, (V/V0)/(T/T0)),
and we set
Ω(L/K, V/T ) =
Im(piK)
Im(piK) ∩Ker(res0L/K)
.
Theorem 3.5.13. Let V be a de Rham p-adic representation of GK . Let T be
a Zp-lattice in V stable under the action of GK. Let L be an algebraic extension
of K. Assume the Hodge-Tate weights of V are less than or equal to 1. If Lˆ is
a perfectoid field, then Tate local duality induces a perfect pairing
H1g,L(K,T
∗(1))× Ω(L/K, V/T )→ Qp/Zp.
Proof. We follow closely Coates and Greenberg’s proof [11, Theorem 5.2]. Let
resdiscL/K : H
1(K,Edisc(V/T ))→ H
1(L,Edisc(V/T ))
be the restriction map. By Corollary 3.5.10, Tate local duality induces a perfect
pairing
Im(resdiscL/K)×H
1
g,L(K,T
∗(1))→ Qp/Zp.
Therefore, it is enough to prove that there is a canonical isomorphism
Im(resdiscL/K) ≃ Ω(L/K, V/T ). (3.5.3)
By Proposition 3.2.1, there is an exact commutative diagram
H1(L, V/T ) H1(L,Edisc(V/T )) 0
H1(K,V/T ) H1(K,Edisc(V/T )) 0,
πdiscL
πdiscK
resL/K resdiscL/K
thus, we have
Im(resdiscL/K) = Im(res
disc
L/K ◦ pi
disc
K ) = Im(pi
disc
L ◦ resL/K). (3.5.4)
By Corollary 3.5.7, we have the commutative diagram
H1(L, V/T ) H1(L,Edisc(V/T ))
H1(L, V/T ) H1(L, (V/V0)/(T/T0)),
πdiscL
∼
πL
hence, we have
Im(pidiscL ◦ resL/K) = Im(piL ◦ resL/K). (3.5.5)
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Finally, the commutative diagram
H1(L, V/T ) H1(L, (V/V0)/(T/T0))
H1(K,V/T ) H1(K, (V/V0)/(T/T0))
πL
πK
resL/K res0L/K
gives
Im(piL ◦ resL/K) = Im(res
0
L/K ◦ piK) ≃ Ω(L/K, V/T ). (3.5.6)
The combination of the equations (3.5.4), (3.5.5) and (3.5.6) yields the desired
isomorphism (3.5.3). 
Remark 3.5.14. It is possible to extend each result of this subsection to the
other Bloch-Kato subgroups under additional assumptions. Let V be a p-adic
representation of GK . If K
′ is a finite extension of K, then
Dcris,K′(V ) = (Bcris ⊗Qp V )
GK′
is a finite-dimensional K ′0-vector space equipped with the semi-linear endo-
morphism ϕ⊗ 1, simply denoted by ϕ, and we have [3, Corollary 3.8.4]
H1f (K
′, V )/H1e(K
′, V ) ≃ Dcris,K′(V )/(1− ϕ)Dcris,K′(V ),
H1g(K
′, V )/H1f (K
′, V ) ≃ Dcris,K′(V )
ϕ=p−1 .
Therefore, we have the two following ways to control the Bloch-Kato subgroups
from one another.
i) IfDcris,K′(V )/(1−ϕ)Dcris,K′(V ) (respectivelyDcris,K′(V )
ϕ=p−1) is trivial,
then
H1e(K
′, V ) = H1f (K
′, V ), (respectively H1f (K
′, V ) = H1g(K
′, V )).
ii) If L is an algebraic extension of K such that L0 is a finite extension over
Qp, then the dimension
dimQp
(
H1g(K
′, V )/H1e(K
′, V )
)
6 [K ′0 : Qp] · dimK′0 Dcris,K′(V )
is bounded as K ′ varies through the finite extensions of K contained in L.
In particular, we obtain:
Theorem 3.5.15. Let V be a de Rham p-adic representation of GK . Let T
be a Zp-lattice in V stable under the action of GK. Let L be an infinite Galois
extension of K whose Galois group is a p-adic Lie group and such that L0 is
finite over Qp. Assume the Hodge-Tate weights of V are greater than or equal
to 0. Then, for ∗ ∈ {e, f}, the quotient
H1Iw(L/K,Fil
1 T )/H1Iw,∗(L/K, T )
is of finite Zp-rank.
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Proof. By Sen’s theorem (Remark 3.5.12), the field Lˆ is perfectoid, so The-
orem 3.5.11 applies and we have
H1Iw,g(L/K, T ) ≃ H
1
Iw(L/K,Fil
1 T ).
Furthermore, the last criterion of Remark 3.5.14 applies to the extension L/K
and implies that, for ∗ ∈ {e, f}, the quotient of
H1Iw,∗(L/K, T ) ⊂ H
1
Iw,g(L/K, T )
is of finite Zp-rank. 
A Continuous group cohomology and the com-
pact-open topology
We recall the definition of continuous group cohomology [46, §2]. We shall
note that for locally compact and separated topological groups, the continuous
group cohomology groups can be equipped with a well-behaved structure of to-
pological group induced by the compact-open topology on the sets of continuous
cochains2.
A.1 The compact-open topology
If X and Y are topological spaces, then we denote by C (X,Y ) the set of con-
tinuous maps from X to Y , and by Cc(X,Y ) the topological space obtained by
endowing C (X,Y ) with the compact-open topology generated by the subsets
T (K,U) = {f ∈ C (X,Y ), f(K) ⊂ U},
whereK runs through the compact subsets ofX and U through the open subsets
of Y .
Lemma A.1.1. Let X, X ′, Y and Y ′ be topological spaces. Let ϕ : X → X ′
and ψ : Y → Y ′ be continuous maps. The map
pi : Cc(X
′, Y )→ Cc(X,Y
′)
f 7→ ψ ◦ f ◦ ϕ
is continuous.
Proof. Let K be a compact subset of X , and let U ′ be an open subset of Y ′.
We have pi−1(T (K,U ′)) = T (ϕ(K), ψ−1(U ′)). Furthermore, by continuity of ϕ
and ψ respectively, the set ϕ(K) is compact in X ′, and ψ−1(U ′) is open in Y .
Therefore, the set pi−1(T (K,U ′)) is open in Cc(X
′, Y ). 
Let Top be the category of topological spaces. By Lemma A.1.1, there is a
bifunctor
Cc(·, ·) : Top
op × Top→ Top.
2This observation is certainly not new, but the author was not able to find a reference for
it.
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If X is a topological space, we set
X × (·) : Top→ Top
Y 7→ X × Y.
the product functor, where:
• X×Y is equipped with product topology for any topological space Y , and
• a continuous map ψ : Y → Y ′ is mapped to (idX , ψ) : X × Y → X × Y
′.
Theorem A.1.2. If X is a locally compact and separated topological space,
then the functor
Cc(X, ·) : Top→ Top
is right adjoint to the product functor X × (·).
Proof. Let Y and Z be topological spaces. If X is a locally compact and separ-
ated topological space, then the map
C (X × Y, Z)→ C (Y,Cc(X,Z))
f 7→ [y 7→ f(·, y)]
is a bijection [7, X §3 no. 4 Théorème 3]3, which is obviously functorial in Y
and Z. 
Corollary A.1.3. Let X be a locally compact and separated topological space.
If M is a topological group, then the topological space Cc(X,M) endowed with
the group structure induced by M is a topological group.
Proof. The functor Cc(X, ·) is a right adjoint by Theorem A.1.2, and therefore
it is continuous [29, V §5 Theorem 1]. Hence, it associates group objects with
group objects. 
Corollary A.1.4. Let X be a locally compact and separated topological space.
Let Y be a topological space. The evaluation map
X ×Cc(X,Y )→ Y
(x, f) 7→ f(x)
is continuous and is the universal morphism from the product functor X × (·)
to Y .
Proof. By Theorem A.1.2, there is a bijection
C (Cc(X,Y ),Cc(X,Y ))→ C (X ×Cc(X,Y ), Y )
ϕ 7→ [(x, f) 7→ ϕ(f)(x)]
under which the identity map idCc(X,Y ) ∈ C (Cc(X,Y ),Cc(X,Y )) is mapped
to the evaluation map
X ×Cc(X,Y )→ Y
(x, f) 7→ f(x),
which is therefore continuous and is the universal morphism from the product
functor X × (·) to Y . 
3A localement compact topological space as defined by Bourbaki [6, I §9 no. 7 Définition 4]
is a locally compact and separated topological space.
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Corollary A.1.5. Let X and X ′ be locally compact and separated topological
spaces. Let Y and Z be topological spaces, and let
ψ : X × Y → Z
be a continuous map. The map
Cc(X
′, Y )→ Cc(X ×X
′, Z)
f 7→ [(x, x′) 7→ ψ(x, f(x′))]
is continuous.
Proof. By Corollary A.1.4, the composition of ψ with the evaluation map
X ×X ′ ×Cc(X
′, Y ) → X × Y → Z
(x, x′, f) 7→ (x, f(x′)) 7→ ψ(x, f(x′))
(A.1.1)
is continuous. Moreover, Theorem A.1.2 applied to X ×X ′ yields a bijection
C (X ×X ′ ×Cc(X
′, Y ), Z)→ C (Cc(X
′, Y ),Cc(X ×X
′, Z))
ξ 7→ [f 7→ ξ(·, ·, f)]
under which the continuous application (A.1.1) is mapped to
Cc(X
′, Y )→ Cc(X ×X
′, Z)
f 7→ [(x, x′) 7→ ψ(x, f(x′))]
which is therefore continuous. 
We shall also need the following lemma.
Lemma A.1.6. Let X, Y and Y ′ be topological spaces. Let ψ : Y → Y ′ be a
continuous map, and let
pi : Cc(X,Y )→ Cc(X,Y
′)
f 7→ ψ ◦ f,
be the continuous map induced by ψ.
i) If ψ is injective, then pi is injective. Moreover, if the topology of Y is the
subspace topology from Y ′, then the topology of Cc(X,Y ) is the subspace
topology from Cc(X,Y ′).
ii) If ψ is surjective and admits a continuous section s : Y ′ → Y , then pi
is surjective, and the topology of Cc(X,Y ′) is the quotient topology from
Cc(X,Y ).
Proof. We prove the first statement. If ψ is injective, the injectivity of pi is
obvious. We now further assume that the topology of Y is the subspace topology
from Y ′. Let K be a compact subset of X , and let U be an open subset of Y .
Since the topology of Y is the subspace topology from Y ′, there exists an open
subset U ′ of Y ′ such that U = ψ−1(U ′). Therefore, we have
T (K,U) = T (K,ψ−1(U ′)) = pi−1(T (K,U ′))
44
in Cc(X,Y ). Hence, the topology of Cc(X,Y ) is the subspace topology from
Cc(X,Y
′).
We prove the second statement. If ψ is surjective and admits a continuous
section s : Y ′ → Y , then s induces a continuous map
Cc(X,Y
′)→ Cc(X,Y )
f 7→ s ◦ f
which is a continuous section of pi. Therefore, the map pi is surjective, and the
topology of Cc(X,Y
′) is the quotient topology from Cc(X,Y ) [6, I §3 no. 5
Proposition 9]. 
A.2 Continuous group cohomology
We refer the reader to [8] for the classical results of homological algebra reviewed
in the following paragraphs.
Definition
Let G be a topological group with group law written multiplicatively. LetM be
a topological G-module, i.e. M is a topological Abelian group, with group law
written additively, equipped with a continuous group action of G compatible
with the group structure of M and denoted by
G×M →M
(g,m) 7→ g ·m.
For each n ∈ N, let Gn =
∏n
i=1G be the n-fold Cartesian product of G
endowed with the product topology (and G0 = {∗} the single element set). We
endow the set of continuous n-cochains of G with coefficients in M
Cn(G,M) = C (Gn,M)
with the compact-open topology.
The next proposition follows from Corollary A.1.3.
Proposition A.2.1. If G is locally compact and separated, then Cn(G,M) is
a topological Abelian group for all n ∈ N.
Remark A.2.2. Corollary A.1.3 always applies to G0 = {∗}, and the map
C0(G,M) = {f : {∗} →M} ∼−→M
f 7→ f(∗)
is an isomorphism of topological groups.
Example A.2.3. If G is compact andM is discrete, then Cn(G,M) is discrete
for all n ∈ N.
For each n ∈ N, the coboundary map
dn : C
n(G,M)→ Cn+1(G,M)
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is a group homomorphism defined by
dn(f)(g1, . . . , gn+1) = g1 · f(g2, . . . , gn+1)
+
n∑
i=1
(−1)if(g1, . . . , gigi+1, . . . , gn+1)
+ (−1)n+1f(g1, . . . , gn),
where f ∈ Cn(G,M) and (g1, . . . , gn+1) ∈ G
n+1.
Proposition A.2.4. If G is locally compact and separated, then, for each n ∈
N, the coboundary map dn is a morphism of topological Abelian groups.
Proof. Let n ∈ N. We prove that the coboundary map dn is continuous. The
coboundary map dn decomposes as
dn : C
n(G,M)
∆
−→
n+1∏
i=0
Cn(G,M)
(din)i−−−→
n+1∏
i=0
Cn+1(G,M)
Σ˜
−→ Cn+1(G,M)
where
•
∆ : Cn(G,M)→
n+1∏
i=0
Cn(G,M)
f 7→ (f, f, . . . , f),
is the diagonal map which is continuous,
•
Σ˜ :
n+1∏
i=0
Cn+1(G,M)→ Cn+1(G,M)
(fi)i 7→
n+1∑
i=0
(−1)ifi
is the alternating sum which is continuous by Proposition A.2.1,
•
d0n : C
n(G,M)→ Cn+1(G,M)
f 7→ [(gj) 7→ g1 · f(g2, . . . , gn+1)]
which is continuous by Corollary A.1.5 (applied to X = G, X ′ = Gn,
Y = Z =M and ψ the action of G on M),
•
dn+1n : C
n(G,M)→ Cn+1(G,M)
f 7→ [(gj) 7→ f(g1, . . . , gn)]
which is continuous by functoriality (Lemma A.1.1 applied to Y = Y ′ =
M , ψ the identity, and ϕ : X = Gn+1 → X ′ = Gn, (g1, . . . , gn+1) 7→
(g1, . . . , gn))
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• and, for 1 6 i 6 n,
din : C
n(G,M)→ Cn+1(G,M)
f 7→ [(gj) 7→ f(g1, . . . , gigi+1, . . . , gn+1)]
which is continuous by functoriality (Lemma A.1.1 applied to Y = Y ′ =
M , ψ the identity, and ϕ : X = Gn+1 → X ′ = Gn, (g1, . . . , gn+1) 7→
(g1, . . . , gigi+1, . . . , gn+1)).
Hence, the map dn is continuous. Therefore, by Proposition A.2.1, the cobound-
ary map dn is a morphism of topological Abelian groups. 
Let Zn(G,M) = Ker(dn) be the subgroup of C
n(G,M) of continuous n-cocycles
of G with coefficients in M , and let
Bn(G,M) =
{
0 if n = 0,
Im(dn−1) if n > 0,
be the subgroup of continuous n-coboundaries of G with coefficients in M . The
coboundary maps satisfy dn+1 ◦ dn = 0 for each n ∈ N, hence, we have
Bn(G,M) ⊂ Zn(G,M) ⊂ Cn(G,M).
The n-th continuous group cohomology group of G with coefficients in M is
Hn(G,M) = Zn(G,M)/Bn(G,M).
We endow Bn(G,M) and Zn(G,M) with the subspace topology from Cn(G,M),
and Hn(G,M) with the quotient topology.
As corollary of Proposition A.2.1, we have:
Corollary A.2.5. If G is locally compact and separated, then Bn(G,M), Zn(G,M)
and Hn(G,M) are topological Abelian groups for all n ∈ N.
Remark A.2.6. The identification of H0(G,M) with the subgroup of G-invariant
elements MG of M , via the map f 7→ f(∗), is an isomorphism of topological
groups (where MG ⊂M is equipped with the subspace topology from M).
Functoriality
If ϕ : H → G is a morphism of topological groups, if M is a topological G-
module and N is a topological H-module, and if ψ : M → N is a morphism of
topological groups compatible with ϕ (i.e. h ·ψ(m) = ψ(ϕ(h) ·m) for allm ∈M
and h ∈ H), then ψ induces a group homomorphism
Hn(G,M)→ Hn(H,N) (A.2.1)
for each n ∈ N. It follows from the functoriality of Cc(·, ·) and the definition of
the continuous group cohomology that the maps (A.2.1) is continuous for each
n ∈ N. Therefore, if G and H are locally compact and separated, then the
maps (A.2.1) is a morphism of topological Abelian groups for each n ∈ N.
We shall now check that for locally compact and separated topological
groups, the topology on the cohomology groups is well-behaved with respect
to long exact sequences. To do so, we shall need the following topological ver-
sion of the snake lemma.
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Lemma A.2.7 (topological snake lemma). Let
A B C 0
0 A′ B′ C′
α β γ
be a commutative diagram of topological Abelian groups whose rows, considered
as sequences of Abelian groups, are exact. Assume that the topology of C is the
quotient topology from B and that the topology of A′ is the subspace topology
from B′. If the kernels of α, β and γ are endowed with their respective subspace
topology and the cokernels with their respective quotient topology, then there is
a sequence of topological Abelian groups
Ker(α)→ Ker(β)→ Ker(γ)→ Coker(α)→ Coker(β)→ Coker(γ)
whose underlying sequence of Abelian groups is exact.
Proof. A direct proof via “diagram chasing” can be found in [39, Proposition 4].
We could also argue that the category of topological Abelian groups is homolo-
gical, therefore the “snake lemma” holds in it [4, 5]. 
Let G be a topological group. Let
0→M ′ →M →M ′′ → 0
be a short exact sequence of topological G-modules such that the topology of
M ′ is the subspace topology from M and the topology of M ′′ is the quotient
topology from M . Then, there is a six-term exact sequence of Abelian groups
0 H0(G,M ′) H0(G,M) H0(G,M ′′)
H1(G,M ′) H1(G,M) H1(G,M ′′).
(A.2.2)
Moreover, if there exists a continuous section of the projection of M on M ′′ as
topological spaces, then there is a long exact sequence of Abelian groups
· · · Hn(G,M ′) Hn(G,M) Hn(G,M ′′)
Hn+1(G,M ′) Hn+1(G,M) Hn+1(G,M ′′)→ · · · .
(A.2.3)
Remark A.2.8. Such a continuous section of the projection of M on M ′′ exists
in particular if the topology of M ′′ is the discrete topology.
Proposition A.2.9. If G is locally compact and separated, then the sequences (A.2.2)
and (A.2.3) are sequences of topological Abelian groups.
Proof. We recall how the exact sequences of groups (A.2.2) and (A.2.3) are
obtained. By functoriality (and under the additional assumption that there
exists a continuous section of the projection of M on M ′′ if n > 1), there is a
commutative diagram of Abelian groups
Cn(G,M ′)
Bn(G,M ′)
Cn(G,M)
Bn(G,M)
Cn(G,M ′′)
Bn(G,M ′′) 0
0 Zn+1(G,M ′) Zn+1(G,M) Zn+1(G,M ′′)
(A.2.4)
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where the vertical arrows are the factorisations of the coboundary maps (and
where the surjectivity of Cn(G,M) → Cn(G,M ′′) follows from Lemma A.1.6
when n > 1). The exact sequences of groups (A.2.2) and (A.2.3) are obtained
by applying the classical snake lemma to the diagram (A.2.4).
By Proposition A.2.1 and Corollary A.2.5, each object in the diagram (A.2.4)
is a topological group, and we already noted that the horizontal arrows in the dia-
gram (A.2.4) are all morphisms of topological groups by functoriality of Cc(·, ·).
By Proposition A.2.4, the vertical arrows in the diagram (A.2.4) which are the
factorisations of the coboundary maps are also morphisms of topological groups.
Moreover, by Lemma A.1.6, the topology of Cn(G,M ′′)/Bn(G,M ′′) is the quo-
tient topology from Cn(G,M)/Bn(G,M), and the topology of Zn+1(G,M ′)
is the subspace topology from Zn+1(G,M). Therefore, the topological snake
lemma A.2.7 applies to the diagram (A.2.4) and implies that the sequences (A.2.2)
and (A.2.3) are sequences of topological Abelian groups. 
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